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Ðàññìàòðèâàåòñÿ îáðàòíàÿ çàäà÷à îäíîâðåìåííîãî îïðåäåëåíèÿ äâóõ

êîýôôèöèåíòîâ â ìîäåëè ìàëûõ ïîïåðå÷íûõ êîëåáàíèé îäíîðîäíîé

îãðàíè÷åííîé ñòðóíû, íà îäèí êîíåö êîòîðîé äåéñòâóåò óïðóãàÿ ñèëà,

à äðóãîé êîíåö íå çàêðåïëåí. Ïðîöåññ êîëåáàíèé ìîäåëèðóåòñÿ íåîä-

íîðîäíûì óðàâíåíèåì ãèïåðáîëè÷åñêîãî òèïà ñ íåîäíîðîäíîñòüþ â

óðàâíåíèè, ïðåäñòàâëåííîé ìíîæèòåëÿìè, çàâèñÿùèìè îò ðàçëè÷íûõ

àðãóìåíòîâ. Äîïîëíèòåëüíîé èíôîðìàöèåé äëÿ ðåøåíèÿ îáðàòíîé

çàäà÷è ÿâëÿþòñÿ çàäàííûå çíà÷åíèÿ ðåøåíèÿ ïðÿìîé çàäà÷è íà ñâî-

áîäíîì êîíöå ñòðóíû. Ïðè ýòîì â ðàìêàõ ïîñòàíîâêè îáðàòíîé çàäà÷è

îïðåäåëåíèÿ òðåáóþò ôóíêöèÿ â êðàåâîì óñëîâèè òðåòüåãî ðîäà è

ôóíêöèîíàëüíûé ìíîæèòåëü â íåîäíîðîäíîñòè óðàâíåíèÿ. Â ðàáîòå

óñòàíàâëèâàþòñÿ óñëîâèÿ ðàçðåøèìîñòè îáðàòíîé çàäà÷è, íåêîòî-

ðûå ñâîéñòâà åå ðåøåíèÿ è ïðåäëàãàåòñÿ àëãîðèòì äëÿ ÷èñëåííîãî

ïðèáëèæåíèÿ ðåøåíèÿ.
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1 Ââåäåíèå

Ïóñòü ïðÿìàÿ çàäà÷à ñîñòîèò â îïðåäåëåíèè ôóíêöèè u(x, t), óäîâëåòâî-
ðÿþùåé ïðè (x, t) ∈ ∆(l,T ) = {(x, t) : 0 ⩽ t ⩽ T − (l − x)/a; 0 ⩽ x ⩽ l},
ãäå 0 < l < aT , óðàâíåíèþ è ãðàíè÷íûì óñëîâèÿì

∂2u(x, t)

∂t2
= a2

∂2u(x, t)

∂x2
+ f(x)g(t), (x, t) ∈ ∆(l,T ), (1)

u(x, t)
∣∣∣
x=0

− β
∂u(x, t)

∂x

∣∣∣∣
x=0

= µ(t), 0 ⩽ t ⩽ T̂ = T − l

a
, (2)

∂u(x, t)

∂x

∣∣∣∣
x=0

= 0, 0 ⩽ t ⩽ T, (3)

u(x, t)
∣∣∣
t=0

= φ(x),
∂u(x, t)

∂t

∣∣∣∣
t=0

= ψ(x), 0 ⩽ x ⩽ l. (4)

Îáðàòíàÿ çàäà÷à ñîñòîèò â âîññòàíîâëåíèè ôóíêöèé f(s), µ(τ),
u(x, t), 0 ⩽ s ⩽ l, 0 ⩽ t ⩽ T − (l/a), (x, t) ∈ ∆(l, T ), óäîâëåòâîðÿþùèõ
çàäà÷å (1) � (4) è äîïîëíèòåëüíîìó óñëîâèþ

h(t) = u(l, t), 0 ⩽ t ⩽ T, (5)

ïðè èçâåñòíîì çíà÷åíèè β > 0 è çàäàííûõ ôóíêöèÿõ φ(x), ψ(x), g(t),
h(t).

Èäåíòèôèêàöèÿ ôóíêöèîíàëüíûõ êîýôôèöèåíòîâ è ïàðàìåòðîâ â çà-
äà÷àõ äëÿ óðàâíåíèé ãèïåðáîëè÷åñêîãî òèïà ïðèâëåêàåò âíèìàíèå ïðè
àíàëèçå ãåîôèçè÷åñêèõ ìîäåëåé [1], [2], [3], â çàäà÷àõ îïòèìàëüíîãî
óïðàâëåíèÿ: â ðàáîòàõ Â.À. Èëüèíà [4], [5], À.À. Õîëîìååâîé [6], [7], ïðè
èññëåäîâàíèè ðåøåíèé îáðàòíûõ çàäà÷: â ðàáîòàõ ÂÃ. Ðîìàíîâà [8], [9],
[10], [11], [12], â ðàáîòàõ Ñ.È. Êàáàíèõèíà [13], [14], [15], [16], [17], [18], â
ðàáîòàõ À.Ì. Äåíèñîâà [19], [20], [21], [22], [23], [24], [25], [26], [27], [28],
[29], [30], [31], [32], [33], [34], [35], [36], [37], â ðàáîòàõ À.Â. Áàåâà [38], [39],
[40], [41], [42], è â ðàáîòàõ äðóãèõ àâòîðîâ [43], [44], [45], [46], [47], [48],
[49], [50], [51], [52], [53], [54], [55], [56], [57], [58]. Òåîðåòè÷åñêèé àíàëèç
áîëüøèíñòâà îáðàòíûõ çàäà÷, êàê ïðàâèëî, ñîïðîâîæäàåòñÿ ÷èñëåííûìè
ðàñ÷åòàìè ñ èñïîëüçîâàíèåì ïðîðàáîòàííûõ àëãîðèòìîâ [59], [60], îðè-
åíòèðîâàííûõ íà êîìïüþòåðíóþ îáðàáîòêó ýêñïåðèìåíòàëüíûõ äàííûõ
ïðè ðåøåíèè íåêîððåêòíî ïîñòàâëåííûõ çàäà÷.

2 Ïðÿìàÿ çàäà÷à

Íà ìíîæåñòâå ΠT = {(x, t) : 0 ⩽ x ⩽ l, 0 ⩽ t ⩽ T} äëÿ ñìåøàííîé
êðàåâîé çàäà÷è

∂2u(x, t)

∂t2
= a2

∂2u(x, t)

∂x2
+ f(x)g(t), (x, t) ∈ ΠT , (6)
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u(x, t)
∣∣∣
x=0

− β
∂u(x, t)

∂x

∣∣∣∣
x=0

= µ(t), 0 ⩽ t ⩽ T, (7)

ñ ãðàíè÷íûìè óñëîâèÿìè (3), (4) ñïðàâåäëèâà [61] ñëåäóþùàÿ òåîðåìà.
Òåîðåìà 1. Åñëè ïîëîæèòåëüíûå çíà÷åíèÿ l, T , a, β è ôóíêöèè φ(x),
ψ(x), f(x), g(t), µ(t) òàêîâû, ÷òî l < aT , ñóùåñòâóåò çíà÷åíèå µ′(0), è

φ(x) ∈ C2[0, l], ψ(x) ∈ C1[0, l], φ′(l) = ψ′(l) = 0, (8)

f(x) ∈ C[0, l], g(t) ∈ C1[0, T ], (9)

µ(t) ∈ C1[0, T ], µ(0) = φ(0)− βφ′(0), µ′(0) = ψ(0)− βψ′(0), (10)

òî çàäà÷à (6), (7), (3), (4) èìååò åäèíñòâåííîå ðåøåíèå u(x, t) ∈ C2 (ΠT ).
Ïðè ýòîì ðåøåíèå u(x, t) çàäà÷è (6), (7), (3), (4) íà îòäåëüíûõ ïîä-

ìíîæåñòâàõ îáëàñòè ΠT èìååò îäíîçíà÷íîå ïðåäñòàâëåíèå, ïîëó÷àåìîå
èç ôîðìóëû Äàëàìáåðà [61] äëÿ íåîäíîðîäíîãî óðàâíåíèÿ (6). Òàê,
íàïðèìåð,

u(x, t) =
φ(x− at) + φ(x+ at)

2
+

1

2a

∫ x+at

x−at

ψ(s) ds+

+
1

2a

∫ t

0

g(τ)

∫ x+(t−τ)a

x−(t−τ)a

f(s) ds dτ, (x, t) ∈ ∆1 = ∆( l
2),(

l
2a)
, (11)

ãäå ∆1 = ∆(l/2),(l/2a) � õàðàêòåðèñòè÷åñêèé äëÿ óðàâíåíèÿ (6) òðåóãîëü-
íèê ñ âåðøèíàìè â òî÷êàõ (0, 0), (l, 0),

(
(l/2), l/(2a)

)
íà ïëîñêîñòè ñ

êîîðäèíàòàìè (x, t):

∆1 = ∆( l
2),(

l
2a)

=

{
(x, t) :

l

2
− at ⩽ x ⩽

l

2
− at, 0 ⩽ t ⩽

l

2a

}
.

Òàêæå íà÷àëüíûå ôóíêöèè φ(x), ψ(x) èç óñëîâèé (4) è ôóíêöèÿ f(x)
èç óðàâíåíèÿ (1) ìîãóò áûòü ïðîäîëæåíû ñ íà÷àëüíîãî îòðåçêà [0, l] íà

îòðåçîê [−aT, l+aT ] ôóíêöèÿìè φ̂(x), ψ̂(x), f̂(x), ÷åòíûì îáðàçîì îòíî-
ñèòåëüíî ïðÿìîé x = l òàê, ÷òîáû âûïîëíÿëîñü êðàåâîå óñëîâèå (3), ïðè
T ∈ (0, (l/a)] â âèäå

φ̂(x) =

 z(x), x ∈ [−aT, 0),
φ(x), x ∈ [0, l],

φ(2l − x), x ∈ (l, l + aT ],
ψ̂(x) =

ψ(0) + ψ′(0)x, x ∈ [−aT, 0),
ψ(x), x ∈ [0, l],

ψ(2l − x), x ∈ (l, l + aT ],
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f̂(x) =

 f(0), x ∈ [−aT, 0),
f(x), x ∈ [0, l],

f(2l − x), x ∈ (l, l + aT ],

è ïðè T > (l/a) â âèäå

φ̂(x) =


z(x), x ∈ [−aT, 0),
φ(x), x ∈ [0, l],

φ(2l − x), x ∈ (l, 2l],
z(2l − x), x ∈ (2l + l + aT ],

ψ̂(x) =


ψ(0) + ψ′(0)x, x ∈ [−aT, 0),

ψ(x), x ∈ [0, l],
ψ(2l − x), x ∈ (l, 2l],

ψ(0)− ψ′(0)(x− 2l), x ∈ (2l, l + aT ],

f̂(x) =


f(0), x ∈ (−aT, 0],
f(x), x ∈ [0, l],

f(2l − x), x ∈ (l, 2l],
f(0), x ∈ (2l, l + aT ],

ãäå ôóíêöèÿ z(x) ÿâëÿåòñÿ ðåøåíèåì çàäà÷è Êîøè äëÿ ïîëó÷àåìîãî èç
óñëîâèÿ (2) îáûêíîâåííîãî ëèíåéíîãî äèôôåðåíöèàëüíîãî óðàâíåíèÿ: z′(s)− 1

β
z(s) = F1(s)−

2

β
µ

(
− s

a

)
, s ∈ [− aT1, 0] ,

z(0) = φ(0),
(12)

ñ T1 = min {T, 2l/a} è ñ ôóíêöèåé F1(s), s ∈ [−aT1, 0], èñõîäÿ èç óñëîâèÿ
(2), èìååò âèä

F1(s) =
φ̂(−s)
β

− φ̂′(−s) + β − s

a β
ψ(0) +

2β − s

a β
ψ′(0)− 1

a
ψ̂(−s)+

+
1

aβ

∫ −s

0

ψ̂(ξ) dξ +
f(0)

aβ

∫ −s/a

0

(β − aτ − s)g(τ) dτ −

− 1

a2

∫ −s

0

g

(
− s+ ξ

a

)
f̂(ξ) dξ +

1

aβ

∫ −s/a

0

g(τ)

∫ −s−aτ

0

f̂(ξ) dξ dτ. (13)

Ïðè ýòîì çàäà÷à Êîøè (12) èìååò [62] åäèíñòâåííîå ðåøåíèå z(s) = z1(s):

z1(s) = φ(0)e
s
β −

∫ 0

s

e
s−ξ
β

(
−2

β
µ
(−ξ
a

)
+ F1(ξ)

)
dξ, s ∈ [−aT1, 0] . (14)

Ïðè çíà÷åíèÿõ l, T , a òàêèõ, ÷òî 2l < aT , ñ T1 = min {T, 2l/a} = 2l/a,
ïîñëå ïîëó÷åíèÿ ôóíêöèè z1(s) íà îòðåçêå [−2l, 0] = [− aT1, 0], êðàå-
âîå óñëîâèå (2) ñ ïîäñòàíîâêîé â íåãî ôóíêöèè u(x, t) è åå ïðîèçâîäíîé
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ux(x, t) ïðè x = 0, ïðåäñòàâëåííûõ ïî ôîðìóëå Äàëàìáåðà ÷åðåç èñõîä-

íûå ôóíêöèè, ïðîäîëæåííûå íà îòðåçîê [−aT, l+ aT ] â âèäå φ̂(x), ψ̂(x),

f̂(x), ïðèíèìàåò âèä ëèíåéíîãî ÎÄÓ:

z′(s)−z(s)
β

= z′(s+2l)−z(s+ 2l)

β
+F2(s)−

2

β
µ
(−s
a

)
, s ∈ [−aT,−2l], (15)

îáðàçóþùåãî âìåñòå ñ óñëîâèåì z(−2l) = z1(−2l) çàäà÷ó Êîøè îòíîñè-
òåëüíî ôóíêöèè z(s), s ∈ [−aT,−2l] ïðè

F2(s) =
− 2(l + s)

a β
ψ(s)− 2

aβ

(
lβ + l2 + ls+

1

2
s2
)
ψ̂′(0) + +

2

aβ

∫ l

0

ψ(ξ) dξ−

− 2

β
f(0)

∫ −s/a

2l/a

(s
a
+ τ
)
g(τ) dτ − f(0)

aβ

∫ 2l/a

0

(
s+ aτ + 2l

)
g(τ) dτ −

− 1

aβ

∫ 2l/a

0

g(τ)

∫ 2l−aτ

0

f̂(s) ds dτ − 1

a

∫ −s/a

−(s+2l)/a

g(τ)
(
f̂(− s− aτ)− f̂(0)

)
dτ.

Òàêàÿ çàäà÷à Êîøè ñ óðàâíåíèåì (15) èìååò [62] åäèíñòâåííîå ðåøåíèå
z(s) = z2(s) äëÿ s ∈

[
max{−aT,−4l},−2l

]
:

z2(s) = φ(0)es/β −
∫ 0

−2l

e(s−ξ)/β

(
−2

β
µ
(− ξ

a

)
+ F1(ξ)

)
dξ−

−
∫ −2l

s

e(s−ξ)/β

(
−2

β
µ
(− ξ

a

)
+ F2(ξ)− z′1(ξ + 2l) +

1

β
z1(ξ + 2l)

)
dξ. (16)

Ïðè çíà÷åíèÿõ l, T , a òàêèõ, ÷òî 4 l < aT ⩽ 6 l, çàäà÷à ñ ÎÄÓ ïåðâîãî
ïîðÿäêà (15) îòíîñèòåëüíî ôóíêöèè z(s) ñ çàïàçäûâàþùèì àðãóìåíòîì
èìååò ðåøåíèå äëÿ s ∈ [− aT,− 4l]:

z(s) = z3(s) = φ(0)esβ −
∫ 0

−2l

e(s−ξ)/β

(
− 2

β
µ
(
− ξ

a

)
+ F1(ξ)

)
dξ−

−
∫ −2l

−4l

e(s−ξ)/β

(
− 2

β
µ
(
− ξ

a

)
+ F2(ξ)− z′1(ξ + 2l) +

1

β
z1(ξ + 2l)

)
dξ−

−
∫ −4l

s

e(s−ξ)/β

(
− 2

β
µ
(
− ξ

a

)
+ F2(ξ)− z′2(ξ + 2l) +

1

β
z2(ξ + 2l)

)
dξ. (17)

Òîãäà, èñïîëüçóÿ çíà÷åíèÿ ôóíêöèè z(s) èç ôîðìóë (14), (16), (17), ñ
ó÷åòîì ïðîäëåíèÿ çàäàííûõ ôóíêöèé φ(x), ψ(x), f(x) çà ïðåäåëû îòðåç-

êà [0, l]ôóíêöèÿìè φ̂(x), ψ̂(x), f̂(x) îïèñàííûì âûøå îáðàçîì, ñ ïîìîùüþ
ôîðìóëû Äàëàìáåðà (11) ïîëó÷àåì ðåøåíèå u(x, t) çàäà÷è (6), (7), (3),
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(4) íà íåêîòîðûõ äðóãèõ ÷àñòÿõ îáëàñòè ΠT â âèäå:

u(x, t) =
φ(x− at) + φ(2l − x− at)

2
+

1

2a

∫ l

x−at

ψ(s) ds+

+
1

2a

∫ l

2l−x−at

ψ(s) ds+
1

2a

∫ t−(l−x)/a

0

g(τ)

∫ l

x−(t−τ)a

f(s) ds dτ +

+
1

2a

∫ t−(l−x)/a

0

g(τ)

∫ x+(t−τ)a

l

f(2l − s) ds dτ +

+
1

2a

∫ t

t−(l−x)/a

g(τ)

∫ x+(t−τ)a

x−(t−τ)a

f(s) ds dτ, (x, t) ∈ ∆2, (18)

ãäå

∆2 = ∆l,( l
a)
\∆( l

2),(
l
2a)

=

{
(x, t) :

l − x

a
⩽ t ⩽

x

a
,
l

2
⩽ x ⩽ l

}
� òðåóãîëüíèê ñ âåðøèíàìè â òî÷êàõ (l, 0), (l, l/a), (l/2, l/(2a)) íà ïëîñêî-
ñòè ñ êîîðäèíàòàìè (x, t). È ñ ïðîäëåíèåì íà÷àëüíûõ óñëîâèé è ôóíêöèè
f(x) çà ïðåäåëû îòðåçêà [0, l] íà îòðåçîê [−2l, 4l] òàê, ÷òîáû âûïîëíÿëèñü
êðàåâûå óñëîâèÿ (2), (3):

u(x, t) =
φ(0)

2

(
e

x−at
β + e

2l−x−at
β

)
−
∫ 0

x−at

e
x−at−s

β

(
1

2
F1(s)−

1

β
µ
(−s
a

))
ds−

−
∫ 0

2l−x−at

e
2l−x−at−s

β

(
F1(s)

2
− 1

β
µ
(−s
a

))
ds+

at− l

2
ψ(0) +

∫ l

0

ψ(s)

a
ds−

− (l − x)2 + (at− l)2

2a
ψ′(0) +

f(0)

2a

∫ t−(2l−x)/a

0

(
x+ (t− τ)a− 2l

)
g(τ) dτ +

+
f(0)

2a

∫ t−(x/a)

0

(
(t− τ)a− x)g(τ) dτ +

1

2a

∫ x

0

f(s)

∫ t−(x−s)/a

0

g(τ) dτ ds+

+

∫ l

x

f(s)

2a

∫ t+(x−s)/a

0

g(τ) dτ ds+

∫ 2l

l

f(2l − s)

2a

∫ t+(x−s)/a

0

g(τ) dτ ds, (19)

(x, t) ∈ ∆3 = ∆l,( 3l
a )
\∆0,(2l

a )
=
{
(x, t) :

2l − x

a
⩽ t ⩽

x+ 2l

a
, 0 ⩽ x ⩽ l

}
,

� òðåóãîëüíèê ñ âåðøèíàìè â òî÷êàõ (0, 2l/a), (l, 3l/a), (l, l/a).
Ôîðìóëû (18), (19) äàþò ðåøåíèå çàäà÷è (6), (7), (3), (4) â âèäå çàâè-

ñèìîñòè îò çàäàííûõ ôóíêöèé, ïîëó÷àåìîé èç ôîðìóëû Äàëàìáåðà íà
òåõ ïîäìíîæåñòâàõ îáëàñòè îïðåäåëåíèÿ ðåøåíèÿ u(x, t), ãäå x = l äëÿ
âñåõ t ∈ [0, T ], ïðè T ⩽ 3l/a. Â ñëó÷àå èñõîäíûõ çíà÷åíèé l, T , a òàêèõ,
÷òî T > 3l/a ïîñòðîåíèå ðåøåíèÿ u(x, t) äëÿ t ∈ [(3l/a), T ] â îêðåñòíîñòè
çíà÷åíèé x = l ìîæåò áûòü ïðîäîëæåíî ïî àíàëîãè÷íîìó ñ ôîðìóëàìè
(18), (19) ïðèíöèïó. Ïðè ýòîì ñïðàâåäëèâî [56] ñëåäóþùåå óòâåðæäåíèå.
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Çàìå÷àíèå 1. Ïðè âûïîëíåíèè óñëîâèé òåîðåìû 1 ñìåøàííàÿ êðàåâàÿ
çàäà÷à (1) � (4) èìååò åäèíñòâåííîå ðåøåíèå u(x, t) ∈ C2

(
∆(l, T )

)
,

ïðåäñòàâèìîå ôîðìóëîé

u(x, t) =
φ̂(x− at) + φ̂(x+ at)

2
+

1

2a

∫ x+at

x−at

ψ̂′(s) ds+

+
1

2a

∫ t

0

g(τ)

∫ x+(t−τ)a

x−(t−τ)a

f̂(s) ds dτ, (x, t) ∈ ∆l,T .

3 Îáðàòíàÿ çàäà÷à è åäèíñòâåííîñòü åå ðåøåíèÿ

Îïðåäåëåíèå 1. Òðè ôóíêöèè f(s), µ(τ), u(x, t), ãäå 0 ⩽ s ⩽ l, 0 ⩽ τ ⩽ T̂

ñ T̂ = T − l/a è (x, t) ∈ ∆l,T =
{
(x, t) : 0 ⩽ t ⩽ T̂ + x/a, 0 ⩽ x ⩽ l

}
,

íàçûâàþòñÿ ðåøåíèåì îáðàòíîé çàäà÷è (1) � (5), åñëè ïðè çàäàííûõ ïî-
ëîæèòåëüíûõ çíà÷åíèÿõ l, T , a, β òàêèõ, ÷òî l < aT , è ôóíêöèÿõ φ(x),
ψ(x), g(t), h(t), óäîâëåòâîðÿþùèõ óñëîâèÿì íà íèõ èç îãðàíè÷åíèé (8),
(9), è óñëîâèÿì

h(t) ∈ C[0, T ], h(0) = φ(l), h′(0) = ψ(l), g(0) ̸= 0, (20)

ôóíêöèè u(x, t) ∈ C2 (∆l,T ), f(s), µ(τ) óäîâëåòâîðÿþò óñëîâèÿì íà íèõ
èç îãðàíè÷åíèé (9), (10), à òàêæå óðàâíåíèþ (1) íà ìíîæåñòâå ∆l,T ,

óñëîâèþ (2) íà îòðåçêå
[
0, T̂

]
è óñëîâèÿì (3) � (5).

Òåîðåìà 2. Ïóñòü çàäàíû ïîëîæèòåëüíûå çíà÷åíèÿ l, T , a, β òàêèå,
÷òî l < aT , è èçâåñòíû ôóíêöèè φ(x), ψ(x), g(t), h(t), óäîâëåòâîðÿþùèå
óñëîâèÿì íà íèõ èç îãðàíè÷åíèé (9), (10), (20). Òîãäà îáðàòíàÿ çàäà÷à
(1) � (5) íå ìîæåò èìåòü áîëåå îäíîãî ðåøåíèÿ.

Äîêàçàòåëüñòâî. Ïðåäïîëîæèì, îò ïðîòèâíîãî, ñóùåñòâîâàíèå äâóõ
ðàçëè÷íûõ ðåøåíèé îáðàòíîé çàäà÷è (1) � (5): òðåõ ôóíêöèé f1(s), µ1(τ),
u1(x, t) è òðåõ ôóíêöèé f2(s), µ2(τ), u2(x, t). Òîãäà ïðè çàäàííûõ ôóíê-
öèÿõ φ(x), ψ(x), g(t), h(t) ñ ó÷åòîì óñëîâèÿ (5) äëÿ àðãóìåíòîâ t ∈ [0, l/a]
ôîðìóëà (18) ïðè x = l ïîëó÷àåò âèä óðàâíåíèÿ îòíîñèòåëüíî ôóíêöèè
f(s):

h(t) = φ(l − at) +
1

a

∫ l

l−at

ψ(s) ds+
1

a

∫ l

l−at

f(s)

∫ t−(l−s)/a

0

g(τ) dτ ds. (21)

Âû÷èòàÿ èç óðàâíåíèÿ (21) ñ ôóíêöèåé f1(s) íà ìåñòå f(s) ýòî æå
óðàâíåíèå (21) ñ ôóíêöèåé f2(s) íà ìåñòå f(s), ïîëó÷àåì äëÿ ðàçíîñòè
∆f(s) = f1(s)− f2(s), s ∈ [0, l], óðàâíåíèå

1

a

∫ l

l−at

(∫ t−(l−s)/a

0

g(τ) dτ

)
∆f(s) ds = 0, 0 ⩽ t ⩽

l

a
. (22)
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Äèôôåðåíöèðóÿ óðàâíåíèå (22) äâàæäû ïî t, âûïîëíÿÿ çàìåíó x = l−at,
èìååì

∆f(x) +

∫ l

x

K1(x, s)∆f(s) ds = 0, 0 ⩽ x ⩽ l, (23)

� ëèíåéíîå îäíîðîäíîå èíòåãðàëüíîå óðàâíåíèå Âîëüòåððà 2-ãî ðîäà îò-
íîñèòåëüíî ôóíêöèè ∆f(x), 0 ⩽ x ⩽ l, â êîòîðîì ÿäðî K1(x, s) èìååò
âèä

K1(x, s) =
1

ag(0)
g′
(
s− x

a

)
, 0 ⩽ x ⩽ s ⩽ l. (24)

Â ñèëó íåïðåðûâíîñòè ÿäðà (24), ñëåäóþùåé èç óñëîâèé (10) è (20), óðàâ-
íåíèå (23) èìååò [63] òîëüêî òîæäåñòâåííî íóëåâîå ðåøåíèå ∆f(s) ≡ 0,
èç ÷åãî ïîëó÷àåì, ÷òî f1(s) = f2(s), s ∈ [0, l]. Ïóñòü òåïåðü f(x) = fj(x),
0 ⩽ x ⩽ l, j = 1, 2.

Ïðè çàäàííûõ ôóíêöèÿõ φ(x), ψ(x), g(t), h(t) ñ ó÷åòîì óñòàíîâëåííûõ
âûøå ðàâåíñòâ f(x) = f1(x) = f2(x) è óñëîâèÿ (5), ôîðìóëà (19) äëÿ
çíà÷åíèé àðãóìåíòà t ∈ [(l/a), T2], ãäå T2 = min{T, 3l/a}, ïðè x = l
ïðèíèìàåò âèä óðàâíåíèÿ îòíîñèòåëüíî ôóíêöèè µ(s):

h(t) = φ(0)e(l−at)/β +
1

a

[ ∫ l

0

ψ(s) ds+ (at− l)ψ(0)− 1

2
(at− l)2ψ′(0)+

+ f(0)

∫ t−(l/a)

0

(
(t− τ)a− l

)
g(τ) dτ +

∫ l

0

f(s)

∫ t−(l−s)/a)

0

g(τ) dτ ds

]
−

−
∫ 0

l−at

e
l−at−s

β

(
F1(s)−

2

β
µ

(
−s
a

))
ds,

l

a
⩽ t ⩽ T2. (25)

Âû÷èòàÿ èç óðàâíåíèÿ (25) ñ ôóíêöèåé µ1(s) íà ìåñòå µ(s) ýòî æå
óðàâíåíèå (25) ñ µ1(s) íà ìåñòå µ(s), ïîëó÷àåì îòíîñèòåëüíî ðàçíîñòè
∆µ(s) = µ1(s)− µ2(s), s ∈ [0, T2 − l/a], óðàâíåíèå, èìåþùåå ïîñëå çàìåí
τ = t− l/a è ξ = −s/a âèä∫ τ

0

e−
a
β (τ−ξ)∆µ(ξ) dξ = 0, 0 ⩽ τ ⩽ T2 −

l

a
. (26)

Äèôôåðåíöèðóÿ óðàâíåíèå Âîëüòåððà 1-ãî ðîäà (26) ïî àðãóìåíòó τ ,
ïîëó÷àåì

µ(τ)− a

β

∫ τ

0

e−
a
β (τ−ξ)∆µ(ξ) dξ = 0, 0 ⩽ τ ⩽ T2 −

l

a
, (27)

� ëèíåéíîå îäíîðîäíîå èíòåãðàëüíîå óðàâíåíèå Âîëüòåððà 2-ãî ðîäà,
èìåþùåå [63] åäèíñòâåííîå ðåøåíèå∆µ(τ) ≡ 0, èç ÷åãî ñëåäóåò ðàâåíñòâî
µ1(τ) = µ2(τ) = µ(τ) ïðè τ ∈ [0, T2 − l/a].

Åñëè ïðè ýòîì T ∈ [l/a, (2l)/a], òî äëÿ äàííûõ ôóíêöèé φ(x), ψ(x),
g(t), f(x) = f1(x) = f2(x) è µ1(τ) = µ2(τ) = µ(τ) ñ àðãóìåíòàìè x ∈ [0, l],
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t ∈ [0, T ], τ ∈ [0, T − l/a], â ñîîòâåòñòâèè ñî ñëåäñòâèåì 1 ñóùåñòâóåò
åäèíñòâåííîå ðåøåíèå u(x, t) = u1(x, t) = u2(x, t), (x, t) ∈ ∆l,T ⊂ ΠT ,
çàäà÷è (1) � (4). Òàêèì îáðàçîì, ïðè T ∈ [l/a, (2l)/a] ðåøåíèÿ f1(s),
µ1(τ), u1(x, t) è f2(s), µ2(τ), u2(x, t) îáðàòíîé çàäà÷è (1) � (5) ïîïàðíî
ñîâïàäàþò, è òåîðåìà 2 áûëà áû äîêàçàíà â ñëó÷àå T ∈ [l/a, (2l)/a].

Åñëè æå T > 2l/a, òî ïîñëå ïîëó÷åíèÿ äâóõ ðàâåíñòâ f1(x) = f2(x)
è µ1(τ) = µ2(τ) äëÿ x ∈ [0, l], t ∈ [0, T ], τ ∈ [0, l/a], ïîñòðîåíèå

óðàâíåíèé (26) è (27) ïðîäîëæàåòñÿ äëÿ τ ∈
[
l/a,min{T̂ , (2l/a)}

]
c ïîëó-

÷åíèåì ôóíêöèè z(x) íà ðàñøèðÿåìîé îáëàñòè è ñ ïîëó÷åíèåì ðàâåíñòâà

µ1(τ) = µ2(τ) äëÿ τ ∈
[
l/a,min{T̂ , (2l/a)}

]
. Ïðè T > 3l/a ðàñøèðå-

íèå îáëàñòè ïðîäîëæàåòñÿ ñ øàãîì, íå ïðåâûøàþùèì çíà÷åíèÿ l/a, äî

èñ÷åðïàíèÿ âñåãî îòðåçêà
[
0, T̂

]
, êàê îáëàñòè ðåøåíèÿ óðàâíåíèÿ (27),

ñ îäíîçíà÷íûì îïðåäåëåíèåì ôóíêöèè ∆µ(τ) ≡ 0 èç óðàâíåíèÿ (27).
Äîêàçàòåëüñòâî òåîðåìû 2 çàâåðøàåòñÿ ïîëó÷åíèåì îäíîçíà÷íîãî ðåøå-
íèÿ u(x, t) ïðÿìîé çàäà÷è íà ìíîæåñòâå ∆l,T ïî ôîðìóëå âèäà (19) â
ñîîòâåòñòâèè ñ ñëåäñòâèåì 1.

4 Ñóùåñòâîâàíèå ðåøåíèÿ îáðàòíîé çàäà÷è

Òåîðåìà 3. Ïóñòü çàäàíû ïîëîæèòåëüíûå çíà÷åíèÿ l, T , a, β òàêèå,
÷òî l < aT , è èçâåñòíû ôóíêöèè φ(x), ψ(x), g(t), h(t), óäîâëåòâîðÿþùèå
óñëîâèÿì íà íèõ èç îãðàíè÷åíèé (8), (9), (19), è óñëîâèþ h(t) ∈ C2[0, T ].
Òîãäà ñóùåñòâóåò ðåøåíèå îáðàòíîé çàäà÷è (1) � (5).

Äîêàçàòåëüñòâî. Äèôôåðåíöèðóÿ äâàæäû ïî àðãóìåíòó t óðàâíåíèå
(21), èìååì

f(x) +

∫ l

x

K1(x, s)f(s) ds = χ(x), 0 ⩽ x ⩽ l, (28)

� ëèíåéíîå èíòåãðàëüíîå óðàâíåíèå Âîëüòåððà 2-ãî ðîäà îòíîñèòåëü-
íî ôóíêöèè f(x), â êîòîðîì ÿäðî K1(x, s) íåïðåðûâíî è îïðåäåëÿåòñÿ
ôîðìóëîé (24), è

χ(x) =
1

g(0)

(
h′′
(
l − x

a

)
− a2φ′′(x) + aψ′(x)

)
, 0 ⩽ x ⩽ l. (29)

Èç îãðàíè÷åíèé íà ôóíêöèè φ(x), ψ(x), g(t), h(t) â óñëîâèÿõ òåîðåìû
3 ñëåäóåò íåïðåðûâíîñòü ïðàâîé ÷àñòè èíòåãðàëüíîãî óðàâíåíèÿ (28)
ôóíêöèè χ(x), 0 ⩽ x ⩽ l, îïðåäåëÿåìîé ôîðìóëîé (29). Ñëåäîâàòåëüíî,
óðàâíåíèå (28) èìååò [63] åäèíñòâåííîå ðåøåíèå f(x) ∈ C[0, l]. Âûïîëíÿÿ
â óðàâíåíèè (25) çàìåíû: ïîäûíòåãðàëüíîãî àðãóìåíòà s = − aξ â ïîñëåä-
íåì èíòåãðàëå ðàâåíñòâà (25) è çàòåì îñíîâíîãî àðãóìåíòà t = τ + l/a, è
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äèôôåðåíöèðóÿ ïîñëå çàìåí óðàâíåíèå ïî τ , èìååì

µ(τ)− a

β

∫ τ

0

e−
a
β (τ−ξ)µ(ξ) dξ = σ(τ), 0 ⩽ τ ⩽ T2 −

l

a
, (30)

� ëèíåéíîå èíòåãðàëüíîå óðàâíåíèå Âîëüòåððà 2-ãî ðîäà îòíîñèòåëüíî
ôóíêöèè µ(τ), ãäå T2 = min{T, (3l/a)}, è

σ(τ) =
β

2a
h′
(
τ +

l

a

)
+
φ(0)

2
e−

a
β τ − β

2a
ψ(0) +

β

2a
ψ′(0)τ +

− β

2a
f(0)

∫ τ

0

g(θ) dθ − β

2a2

∫ l

0

f(s)g
(
τ +

s

a

)
ds+

β

2
F1(−aτ)−

− a

2

∫ τ

0

F1(−aξ) dξ, 0 ⩽ τ ⩽ T2 −
l

a
. (31)

Èç óñëîâèé òåîðåìû 3 è â ñèëó f(x) ∈ C[0, l] èìååì íåïðåðûâíîñòü
ïðàâîé ÷àñòè (31) óðàâíåíèÿ (30) ïðè τ ∈ [0, T2 − (l/a)]. Îòñþäà óðàâ-
íåíèå (30) èìååò [63] åäèíñòâåííîå ðåøåíèå µ(τ) ∈ C [0, T2 − (l/a)], ãäå
T2 = min{T, (3l/a)}.

Èç ôîðìóëû (13) è óðàâíåíèÿ (30) ñëåäóþò ðàâåíñòâà

F1(0) =
φ(0)

β
− φ′(0), F ′

1(0) = φ′′(0)− φ′(0)

β
+

2

a
ψ′(0)− 2

aβ
ψ(0),

µ(0) = σ(0) =
β

2a
h′
(
l

a

)
+
φ(0)

2
− β

2a
ψ(0)− β

2a2

∫ l

0

f(s)g
(s
a

)
ds+

+
β

2a2
F1(0) = φ(0)− βφ′(0),

µ′(0) = σ′(0) +
a

β
µ(0) =

β

2a
h′′
(
l

a

)
+
β

2
ψ′(0)− β

2a2

∫ l

0

f(s)g′
(s
a

)
ds−

− β

2a
f(0)g(0)− a

2
F1(0)−

aβ

2
F ′
1(0) +

a

2β
φ(0)− aφ′(0) = ψ(0)− βψ′(0).

Ïîñëåäíèå äâà èç ïîëó÷åííûõ ðàâåíñòâ ñâèäåòåëüñòâóþò î âûïîëíåíèè
óñëîâèé íà çíà÷åíèÿ µ(0) è µ′(0) èç îãðàíè÷åíèé (10), âõîäÿùèõ â óñëî-
âèÿ òåîðåìû 1 è îïðåäåëåíèÿ ðåøåíèÿ îáðàòíîé çàäà÷è. Òàêèì îáðàçîì,
îïðåäåëåííûå êàê ðåøåíèÿ óðàâíåíèé (28) è (30) ôóíêöèè f(x), x ∈ [0, l],
è µ(t), t ∈ [0, T2 − l/a], óäîâëåòâîðÿþò óñëîâèÿì òåîðåìû 1 è ñëåäñòâèÿ 1,
â ñîîòâåòñòâèè ñ êîòîðûì ñóùåñòâóåò åäèíñòâåííîå ðåøåíèå çàäà÷è (1) �
(4) ôóíêöèÿ u(x, t) ∈ C2 (∆l,T2). Ïðè ýòîì òðè ôóíêöèè f(s) ïðè s ∈ [0, l],
µ(τ) ïðè τ ∈ [0, T2 − l/a], è u(x, t) ïðè (x, t) ∈ ∆l,T2

, óäîâëåòâîðÿþò óñëî-
âèÿì îïðåäåëåíèÿ 1 è ÿâëÿþòñÿ ðåøåíèåì îáðàòíîé çàäà÷è (1) � (5) â
ñîîòâåòñòâèè ñ îïðåäåëåíèåì 1 â ñëó÷àå T òàêîãî, ÷òî l/a < T ⩽ 3l/a.
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Â ñëó÷àå T > 3l/a ñóùåñòâîâàíèå ðåøåíèÿ îáðàòíîé çàäà÷è (1) �
(5) óñòàíàâëèâàåòñÿ àíàëîãè÷íûì ïðîäëåíèåì ôóíêöèè z(x) ñ îòðåç-
êà [−2l, 4l] íà îòðåçîê [−aT, l + aT ] ñ ó÷åòîì âûïîëíåíèÿ ñëåäñòâèÿ 1.
Òåîðåìà 3 äîêàçàíà.

5 Èòåðàöèîííûé ìåòîä ðåøåíèÿ îáðàòíîé çàäà÷è

Äëÿ ïðèáëèæåííîãî ðåøåíèÿ îáðàòíîé çàäà÷è (1) � (5) ïðè èçâåñòíûõ
èñõîäíûõ ôóíêöèÿõ φ(x), ψ(x), g(t), óäîâëåòâîðÿþùèõ îãðàíè÷åíèÿì
íà íèõ èç óñëîâèé (8), (9), (20), è çàäàííûõ âìåñòî ôóíêöèè h(t) çíà-
÷åíèè δ > 0 è ôóíêöèè hδ(t) ∈ C[0, T ], äëÿ êîòîðûõ âûïîëíÿåòñÿ
íåðàâåíñòâî ∥h(t)− hδ(t)∥C[0,T ] ⩽ δ è ðàâåíñòâî hδ(0) = φ(l), à òàêæå

ñóùåñòâóåò çíà÷åíèå h′δ(0) = ψ(l), ìîãóò áûòü èñïîëüçîâàíû ðàçëè÷íûå
ðåãóëÿðèçèðóþùèå àëãîðèòìû [59], [60]. Îäíàêî, òàêæå ìîæíî ïðèìå-
íèòü èòåðàöèîííûé ìåòîä ïðèáëèæåííîãî ðåøåíèÿ îáðàòíîé çàäà÷è (1)
� (5), îñíîâàííûé íà èñïîëüçîâàíèè óðàâíåíèé (28) è (30) â ðîëè ðåêóð-
ðåíòíûõ ôîðìóë äëÿ ïîñëåäîâàòåëüíîãî îïðåäåëåíèÿ ïðèáëèæàþùèõ
èñêîìûå ôóíêöèè f(x), µ(t) ïîñëåäîâàòåëüíîñòåé

{
f̃ (n)(x)

}
è
{
µ̃(n)(t)

}
â

âèäå

f̃ (n+1)(x) = χ(x)−
∫ l

x

K1(x, s) f̃
(n)(s) ds, f̃ (1)(x) = χ(x), 0 ⩽ x ⩽ l,

µ̃(n+1)(t) = σ(t) +
a

β

∫ t

0

e−
a
β (t−τ) µ̃(n)(τ) dτ,

µ̃(n)(t) = σ(t), 0 ⩽ x ⩽ T2 −
l

a
, n ∈ N,

ãäå ôóíêöèè K1(x, s), χ(x), σ(t) îïðåäåëÿþòñÿ ôîðìóëàìè (24), (29) è
(31). Ïðè âûïîëíåíèè óñëîâèé òåîðåìû 3 íà èñõîäíûå ôóíêöèè, ïîñëå-

äîâàòåëüíîñòè
{
f̃ (n)(x)

}
è
{
µ̃(n)(t)

}
ñõîäÿòñÿ [63]. Äëÿ èñïîëüçîâàíèÿ ðå-

êóððåíòíûõ ôîðìóë è ïîñòðîåíèÿ íà èõ îñíîâå èòåðàöèîííîãî àëãîðèòìà
ðåøåíèÿ îáðàòíîé çàäà÷è ðåãóëÿðèçèðîâàòü ïîòðåáóåòñÿ ëèøü ïðîöå-
äóðó ÷èñëåííîãî äèôôåðåíöèðîâàíèÿ ïðèáëèæåííî çàäàííîé ôóíêöèè
hδ(t) ∈ C[0, T ], ïåðâûå äâå ïðîèçâîäíûå êîòîðîé èñïîëüçóþòñÿ äëÿ
ïðîâåäåíèÿ âû÷èñëåíèé ïî ôîðìóëàì (29) è (31) ïðè ïîëó÷åíèè çíà÷å-
íèé ôóíêöèé χ(x) è σ(t). Çàòåì ïîëó÷àåìûå çíà÷åíèÿ ïðèáëèæåííûõ
ïðåäåëîâ

f̃(x) ≈ lim
n→+∞

f̃ (n)(x), µ̃(t) ≈ lim
n→+∞

µ̃(n)(t), x ∈ [0, l], t ∈
[
0, T̂

]
,

äàþò âîçìîæíîñòü îïðåäåëèòü çíà÷åíèÿ ôóíêöèè z(s), s ∈ [−aT, 0), è èñ-
ïîëüçîâàòü åå çíà÷åíèÿ äëÿ ïðîäîëæåíèÿ íà÷àëüíûõ óñëîâèé íà îòðåçîê
[−aT, l + aT ], ïîñëå ÷åãî ïî ôîðìóëå èç ñëåäñòâèÿ 1 ïîëó÷èòü çíà÷åíèÿ
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ôóíêöèè ũ(x, t), (x, t) ∈ ∆l,T . Â ðåçóëüòàòå ôóíêöèè f̃(x), µ̃(t), ũ(x, t) ñî-
ñòàâëÿþò ïðèáëèæåííîå ðåøåíèå îáðàòíîé çàäà÷è (1) � (5), êîòîðîå ïðè
ðåãóëÿðèçîâàííîì âû÷èñëåíèè ïðîèçâîäíûõ ïåðâîãî è âòîðîãî ïîðÿäêîâ
ôóíêöèè hδ(t) îêàçûâàåòñÿ áëèçêèì ê îäíîçíà÷íîìó ðåøåíèþ îáðàòíîé
çàäà÷è (1) � (5), ñîîòâåòñòâóþùåìó èñõîäíûì ôóíêöèÿì φ(x), ψ(x), g(t),
h(t).

Ïðè èñïîëüçîâàíèè òàêîãî èòåðàöèîííîãî àëãîðèòìà íåêîððåêòíîñòü
îáðàòíîé çàäà÷è (1) � (5) îêàçûâàåòñÿ ñâÿçàííîé ëèøü ñ íåîáõîäèìîñòüþ
äâóêðàòíîãî ÷èñëåííîãî äèôôåðåíöèðîâàíèÿ ïðèáëèæåííî çàäàííîé
íåïðåðûâíîé ôóíêöèè hδ(t) ïðè èçâåñòíîì çíà÷åíèè δ > 0.
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