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Àêòóàëüíîñòü òåìû. Ìíîãèå ñîâðåìåíííûå òåõíè÷åñêèå óñòðîéñòâà è ñèñòå-
ìû, íàïðèìåð ñàìîëåòû è äðóãèå ëåòàòåëüíûå àïïàðàòû, ðàáîòàþò â ýêñòðåìàëüíûõ
óñëîâèÿõ, è ïîýòîìó â íèõ ìîãóò âîçíèêàòü íåæåëàòåëüíûå è äàæå îïàñíûå êîëåáà-
íèÿ. Â ïîäîáíûõ óñòðîéñòâàõ òàêèå êîëåáàíèÿ íåîáõîäèìî ãàñèòü êàê ìîæíî áûñòðåå.
Ñ äðóãîé ñòîðîíû, â íåêîòîðûõ îáúåêòàõ, íàîáîðîò, íåîáõîäèìî ãåíåðèðîâàòü êîëåáà-
íèÿ çàäàííîé ÷àñòîòû. Òàêèì îáðàçîì âîçíèêàåò äâà ñîðòà çàäà÷: çàäà÷è î ãàøåíèè
êîëåáàíèé è çàäà÷è î âîçáóæäëåíèè êîëåáàíèé. Êàê ïðàâèëî, ïðè ýòîì âîçíèêàåò
îïòèìèçàöèîííàÿ çàäà÷à: óñïîêîèòü èëè âîçáóäèòü ñèñòåìó ñ ìèíèìàëüíûì çàòðà÷è-
âàíèåì ðåñóðñîâ.

Â ÷èñòî ìàòåìàòè÷åñêîì ïëàíå ïîäîáíûå çàäà÷è ôîðìóëèðóþòñÿ â òåðìèíàõ ãðà-
íè÷íûõ çàäà÷ äëÿ ðàçëè÷íûõ óðàâíåíèé ãèïåðáîëè÷åñêîãî òèïà. À êðèòåðèåì îï-
òèìàëüíîñòè ìîæåò áûòü, â îáùåì ñëó÷àå, ïðîèçâîëüíîå óñëîâèå, íî, êàê ïðàâèëî,
âûáèðàåòñÿ óñëîâèå ìèíèìèçàöèè ôóíêöèîíàëà, â òîé èëè èíîé ñòåïåíè ñâÿçàííîãî ñ
íîðìîé ôóíêöèè.

Âîïðîñû, ñâÿçàííûå ñ êîëåáàíèÿìè ñôåðû è ñôåðè÷åñêîãî îñöèëëÿòîðà, òåñíî ñâÿ-
çàíû ñ ïðîöåññàìè è çàäà÷àìè, âîçíèêàþùèìè â àêóñòè÷åñêèõ ñèñòåìàõ, à òàêæå â
êâàíòîâîé è ýëåêòðîìàãíèòíîé ìåõàíèêå.

Â ñëó÷àå êîëåáàíèé ïðè ðàäèàëüíîé ñèììåòðèè ïîòåíöèàë ñêîðîñòè ñôåðè÷åñêîé
âîëíû óäîâëåòâîðÿåò ñëåäóþùåìó óðàâíåíèþ:

utt(r, t)−
1

r2
[r2ur(r, t)]r = 0,

ãäå ïåðåìåííàÿ r � åñòü ïðîñòðàíñòâåííàÿ êîîðäèíàòà, à t � êîîðäèíàòà ïî âðåìå-
íè. Åñëè èçâåñòåí òàêîé ïîòåíöèàë âîëíû, òî ïî íåìó ìîæíî âû÷èñëèòü ñêîðîñòü
ðàñïðîñòðàíåíèÿ âîëíû, åå ýíåðãèþ è äðóãèå íåîáõîäèìûå íà ïðàêòèêå âåëè÷èíû.

Âîïðîñû î ãåíåðàöèè, ãàøåíèè è óïðàâëåíèè êîëåáàíèÿìè ñôåðè÷åñêîãî ñëîÿ ÿâëÿ-
þòñÿ íà ñåãîäíÿøíèé äåíü àêòóàëüíûìè è èíòåðåñíûìè ñ òî÷êè çðåíèÿ èõ ïðèêëàäíîé
âàæíîñòè âî ìíîãèõ ðàçäåëàõ ôèçèêè.

Ïîìèìî àêóñòèêè ïîäîáíûå çàäà÷è âîçíèêàþò â ôèçèêå ïëàçìû, íàïðèìåð ïðè
ðàññìîòðåíèè êîëåáàíèé ãàçî-ýëåêòðîííîãî îáëàêà â ïëàçìå ïðè óñëîâèè ðàäèàëüíîé
ñèììåòðèè.

Èäåè âîçáóæäåíèÿ ýëåêòðîìàãíèòíûõ âîëí ïðè ïîìîùè êîëåáàíèé ñôåðû áûëè
ïîëîæåíû â ðàçîàáîòêó êðèñòàëëè÷åñêîãî îñöèëëÿòîðà, ïðèìåíÿþùåãîñÿ â ðàäèî è
îñíîâàííîãî íà êîëåáàíèÿõ ñôåðû èç ïüåçîýëåìåíòà äëÿ ñîçäàíèÿ ýëåêòðè÷åñêîãî ñèã-
íàëà çàäàííîé ÷àñòîòû. Óæå â 1894 ãîäó Àóãóñòî Ðè÷è áûë ïðåäëîæåí ñôåðè÷åñêèé
ãåíåðàòîð ýëåêòðîìàãíèòíûõ âîëí.

Öåëü ðàáîòû. Öåëüþ äèññåðòàöèîííîé ðàáîòû ÿâëÿåòñÿ èçó÷åíèå çàäà÷ ãðà-
íè÷íîãî óïðàâëåíèÿ êîëåáàíèÿìè ñôåðè÷åñêè-ñèììåòðè÷íîãî ñëîÿ, ÿâíîå ïîñòðîåíèå
ãðàíè÷íîãî óïðàâëåíèÿ, ôîðìóëèðîâêà è ðåøåíèå çàäà÷ îïòèìèçàöèè óïðàâëåíèÿ â
òåõ ñëó÷àÿõ, êîãäà ýòî íåîáõîäèìî, à òàêæå âûÿñíåíèå íåîáõîäèìûõ è äîñòàòî÷íûõ
óñëîâèé ñóùåñòâîâàíèÿ ãðàíè÷íîãî óïðàâëåíèÿ.

Íàó÷íàÿ íîâèçíà, òåîðåòè÷åñêàÿ è ïðàêòè÷åñêàÿ çíà÷èìîñòü.
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1. Ðåøåíû çàäà÷è óïðàâëåíèÿ êîëåáàíèÿìè â ñëó÷àå ñìåùåíèÿ è ñèëû. Íàéäåíî
îïòèìàëüíîå óïðàâëåíèå, îòâå÷àþùåå îáùåìó âèäó êðèòåðèÿ îïòèìàëüíîñòè â
îáîèõ ñëó÷àÿõ óïðàâëåíèÿ.

2. Ïîëó÷åíû íåîáõîäèìûå è äîñòàòî÷íûå óñëîâèÿ ñóùåñòâîâàíèÿ ãðàíè÷íîãî óïðàâ-
ëåíèÿ êîëåáàíèÿìè ñëîÿ ïðè êðèòè÷åñêèõ âðåìåíàõ è ìåíüøèõ êðèòè÷åñêèõ.
Ïîëó÷åíû ÿâíûå ôîðìóëû äëÿ òàêîãî óïðàâëåíèÿ.

Àïðîáàöèÿ ðàáîòû. Îñíîâíûå ðåçóëüòàòû äèññåðòàöèîííîé ðàáîòû äîêëàäûâà-
ëèñü íà ñåìèíàðàõ Â.À. Èëüèíà, È.À. Øèøìàðåâà, Ô.Ï. Âàñèëüåâà è À.Â. Àðóòþíîâà,
êîíôåðåíöèè "ËÎÌÎÍÎÑÎÂ-2009", è êîôåðåíöèè, ïîñâÿùåííîé 70-ëåòèþ àêàäåìèêà
Â.À. Ñàäîâíè÷åãî.

Ïóáëèêàöèè. Îñíîâíûå ðåçóëüòàòû äèññåðòàöèîííîé ðàáîòû îïóáëèêîâàíû â
÷åòûðåõ ðàáîòàõ, äâå èç íèõ � â èçäàíèÿõ, ðåêîìåíäîâàííûõ ÂÀÊ, äâå � òåçèñû
äîêëàäîâ êîíôåðåíöèé.

Ñòðóêòóðà è îáúåì äèññåðòàöèè. Äèññåðòàöèÿ ñîñòîèò èç øåñòè ãëàâ (ïåðâàÿ
èç êîòîðûõ ââîäíàÿ) è ñïèñêà ëèòåðàòóðû. Òåêñò èçëîæåí íà 72 ñòðàíèöàõ, äèññòå-
ðàòöèÿ ñîäåðæèò 3 ðèñóíêà. Ñïèñîê ëèòåðàòóðû âêëþ÷àåò â ñåáÿ 26 íàèìåíîâàíèé.

Ñîäåðæàíèå ðàáîòû.

Âî ââåäåíèè ðàñêðûâàåòñÿ àêòóàëüíîñòü òåìû ðàáîòû, ïðèâîäèòñÿ êðàòêîå îïè-
ñàíèå óæå èìåþùèõñÿ íà ìîìåíò íàïèñàíèÿ ðàáîòû ðåçóëüòàòîâ è ïðîáëåì, êîòîðûå
âîçíèêàþò ïðè èññëåäîâàíèè ïîäîáíûõ çàäà÷. Ïðèâåäåí êðàòêèé îáçîð óæå ñóùåñòâó-
þùèõ ìåòîäîâ è ïîäõîäîâ ðåøåíèÿ çàäà÷ ãðàíè÷íîãî óïðàâëåíèÿ.

Âî âòîðîé ãëàâå äàåòñÿ êðòàêàÿ ôîðìóëèðîâêà çàäà÷, êòîðûå áóäóò èññëåäîâàòü-
ñÿ â äàëüíåéøåì è îáúÿñíÿåòñÿ ìåòîä èõ ðåøåíèÿ. Ââîäÿòñÿ îñíîâíûå îïðåäåëåíèÿ
ôóíêöèîíàëüíûõ ïðîñòðàíñòâ è îáîùåííûõ ðåøåíèé ðåøàåìûõ çàäà÷. Êðàòêî ôîð-
ìóëèðóåòñÿ ìåòîä ðåøåíèÿ çàäà÷ è ïðîâîäÿòñÿ íåîáõîäèìûå äëÿ ýòîãî ïîñòðîåíèÿ, à
òàêæå ââîäÿòñÿ íåêîòîðûå îáîçíà÷åíèÿ.

Ïàðàãðàô �2.1 ïîñâÿùåí ôîðìóëèðîâêå îñíîâíûõ çàäà÷.
Ðàäèàëüíî-ñèììåòðè÷åñêèå êîëåáàíèÿ îïèñûâàþòñÿ óðàâíåíèåì

Lu ≡ utt(r, t)−
1

r2
[r2ur(r, t)]r = 0, (r, t) ∈ BT (1)

Çäåñü BT � ýòî ïðÿìîóãîëüíèê {0 < R1 < r < R2} × {0 < t < T}, à T � ìîìåíò âðå-
ìåíè, çà êîòîðûé îñóùåñòâëÿåòñÿ óïðàâëåíèå. Äàäèì îïðåäåëåíèå ôóíêöèîíàëüíîãî
êëàññà, â êîòîðîì èùåòñÿ ðåøåíèå ýòîãî óðàâíåíèÿ.

Îïðåäåëåíèå. Áóäåì ãîâîðèòü, ÷òî ôóíêöèÿ u(r, t) ïðèíàäëåæèò êëàññó Ŵ 1
2 â

îáëàñòè BT , åñëè îíà ïðèíàäëåæèò íà ýòîì ìíîæåñòâå êëàññó W 1
2 , à òàêæå èìååò äëÿ

ëþáîãî r0 ∈ [R1, R2] ñëåä u(r0, t) ∈ W 1
2 [0, T ], è äëÿ ëþáîãî t0 ∈ [0, T ] ñëåä u(r, t0) ∈

W 1
2 [R1, R2].
Ýòîò êëàññ âïåðâûå áûë ââåäåí Â.À. Èëüèíûì â ðàáîòå [1], è â íåé æå ïîêàçàíà

åñòåñòâåííîñòü ýòîãî êëàññà ïî îòíîøåíèþ ê çàäà÷àì ãðàíè÷íîãî óïðàâëåíèÿ êîëåáà-
íèÿìè, îïèñûâàþùèìèñÿ âîëíîâûì óðàâíåíèåì.

2



Â êàæäûé ìîìåíò âðåìåíè ñîñòîÿíèå êîëåáëþùåéñÿ ñèñòåìû îïèñûâàåòñÿ äâóìÿ
ôóíêöèÿìè {ϕ(r), ψ(r)} � ñìåùåíèåì è ñêîðîñòüþ ñîîòâåòñòâåííî. Èçâåñòíû íà÷àëü-
íîå è ôèíàëüíîå ñîñòîÿíèå:

u(r, 0) = ϕ(r), ut(r, 0) = ψ(r),
u(r, T ) = ϕ1(r), ut(r, T ) = ψ1(r).

(2)

Ôóíêöèè ϕ(r), ϕ1(r) ∈ W 1
2 (R1, R2), ψ(r), ψ1(r) ∈ L2(R1, R2).

Ìîìåíò âðåìåíè T âûáèðàåòñÿ ðàçëè÷íûì, â çàâèñèìîñòè îò çàäà÷è. Ëèáî îí ñòðî-
ãî áîëüøå øèðèíû ñëîÿ l ≡ R2 − R1, ëèáî ðàâåí åé, ëèáî ñòðîãî ìåíüøå ýòîãî çíà-
÷åíèÿ. Â çàâèñèìîñòè îò ýòîãî ñîîòíîøåíèÿ ãðàíè÷íîå óïðàâëåíèå ñóùåñòâóåò äëÿ
ïðîèçâîëüíûõ íà÷àëüíûõ è ôèíàëüíûõ äàííûõ, ëèáî íà ýòè ôóíêöèè íàêëàäûâàåþò-
ñÿ äîïîëíèòåëüíûå óñëîâèÿ.

Îáùàÿ ïîñòàíîâêà çàäà÷ óïðàâëåíèÿ ñòàâèòñÿ ñëåäóþþùèì îáðàçîì: íàéòè ãðà-
íè÷íîå óïðàâëåíèå, ïåðåâîäÿùåå çà ìîìåíò âðåìåíè T ñèñòåìó èç íà÷àëüíîãî ñîñòîÿ-
íèÿ â ôèíàëüíîå. Â çàâèñèìîñòè îò ìåòîäà çàäàíèÿ óïðàâëåíèÿ ïîëó÷àþòñÿ ðàçëè÷-
íûå çàäà÷è. Â äàííîé ðàáîòå èññëåäóþòñÿ ñëåäóþùèå çàäà÷è ãðàíè÷íîãî óïðàâëåíèÿ
äëÿ (1), (2):

1. Íàéòè ãðàíè÷íîå óïðàâëåíèå çàäàííîå ïî ôîðìóëå

u(R1, t) = µ(t), u(R2, t) = ν(t), (3)

èç êëàññà W 1
2 (0, T ), ïðè óñëîâèè, ÷òî ìîìåíò âðåìåíè T îïðåäåëÿåòñÿ ïî ôîð-

ìóëå T = 2ml + ∆, ãäå m ∈ N ∪ {0}, à ∆ � ïðîèçâîëüíîå ÷èñëî èç èíòåðâàëà
[0, 2l], è T > l.
Â äàííîì ñëó÷àå íåîáõîäèìî âûïîëíåíèå óñëîâèÿ ñîãëàñîâàíèÿ ñëåäîâ, êîòîðûå
ñëåäóþò èç îïðåäåëåíèÿ ôóíêöèîíàëüíûõ êëàññîâ:

µ(0) = ϕ(R1), µ(T ) = ϕ1(R1), ν(0) = ϕ(R2), ν(T ) = ϕ1(R2).

Â äàëüíåéøåì, ïðè ðàññìîòðåíèè çàäà÷ óïðàâëåíèÿ ñìåùåíèåì, ìû ñ÷èòàåì, ÷òî
ýòè óñëîâèÿ âûïîëíåíû.

2. Âî âòîðîé çàäà÷å òðåáóåòñÿ íàéòè ãðàíè÷íîå óïðàâëåíèå

ur(R1, t) +
1

R1

u(R1, t) = µ(t) ur(R2, t) +
1

R2

u(R2, t) = ν(t), (4)

ïðè òàêèõ æå ïðåäïîëîæåíèÿõ íà çíà÷åíèå ìîìåíòà âðåìåíè T , ÷òî è â ïåð-
âîé çàäà÷å. Îäíàêî òåïåðü ôóíêöèè ãðàíè÷íîãî óïðàâëåíèÿ èùóòñÿ â êëàññå
L2(0, T ), è óæå íå òðåáóåòñÿ âûïîëíåíèå óñëîâèÿ ñîâïàäåíèÿ ñëåäîâ íà ãðàíèöå.

3. Òðåòüÿ çàäà÷à ñîñòîèò â âûÿñíåíèè íåîáõîäèìûõ è äîñòàòî÷íûõ óñëîâèé ñó-
ùåñòâîâàíèÿ ãðàíè÷íûõ óïðàâëåíèé (3), (4) â ñëó÷àå, êîãäà ìîìåíò âðåìåíè T
ìåíüøå èëè ðàâåí êðèòè÷åñêîìó, ò.å. T ≤ l.
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Òåïåðü äàäèì îïðåäåëåíèÿ îáîáùåííîãî ðåøåíèÿ äëÿ óêàçàííûõ çàäà÷. Åñëè óïðàâ-
ëåíèå çàäàíî ñìåùåíèåì, ò.å. ïî ïðàâèëó (3), òî ðåøåíèå îïðåäåëÿåòñÿ ñëåäóþùèì
îáðàçîì.

Îïðåäåëåíèå. Ðåøåíèåì èç êëàññà Ŵ 1
2 (BT ) çàäà÷è (1), (2), (3) íàçîâåì ôóêí-

öèþ u(r, t), êîòîðàÿ äëÿ ëþáîé ïðîáíîé ôóíêöèè Φ(r, t) ∈ C2(BT ), óäîâëåòâîðÿþùåé
óñëîâèÿì Φ(R1, t) ≡ Φ(R2, t) ≡ 0 äëÿ âñåõ t ∈ [0, T ], Φ(r, T ) ≡ Φt(r, T ) ≡ 0 äëÿ âñåõ
r ∈ [R1, R2], îáðàùàåò â òîæäåñòâî ñëåäóþùåå èíòåãðàëüíîå ñîîòíîøåíèå:

T∫
0

R2∫
R1

u(r, t)LΦ(r, t)r2drdt+

R2∫
R1

ϕ(r)Φt(r, 0)r2dr −
R2∫

R1

ψ(r)Φ(r, 0)r2dr+

+

T∫
0

ν(t)Φr(R2, t)R
2
2dt−

T∫
0

µ(t)Φr(R1, t)R
2
1 ≡ 0.

Ïóñòü òåïåðü óïðàâëåíèå çàäàåòñÿ ïðè ïîìîùè ñèëû, ò.å. ïî ôîðìóëå (4), òîãäà
îïðåäåëåíèå ðåøåíèÿ áóäåò ñëåäóþùèì.

Îïðåäåëåíèå. Ðåøåíèåì èç êëàññà Ŵ 1
2 (BT ) çàäà÷è (1), (2), (4) íàçîâåì ôóêíöèþ

u(r, t), êîòîðàÿ äëÿ ëþáîé ïðîáíîé ôóíêöèè Φ(r, t) ∈ C2(BT ), óäîâëåòâîðÿþùåé óñëî-
âèÿì Φr(R1, t) + (1/R1)Φ(R1, t) ≡ 0, Φr(R2, t) + (1/R2)Φ(R2, t) ≡ 0 äëÿ âñåõ t ∈ [0, T ],
Φ(r, T ) ≡ Φt(r, T ) ≡ 0 äëÿ âñåõ r ∈ [R1, R2], îáðàùàåò â òîæäåñòâî ñëåäóþùåå èíòå-
ãðàëüíîå ñîîòíîøåíèå:

T∫
0

R2∫
R1

u(r, t)LΦ(r, t)r2drdt+

R2∫
R1

ϕ(r)Φt(r, 0)r2dr −
R2∫

R1

ψ(r)Φ(r, 0)r2dr−

−
T∫

0

ν(t)Φ(R2, t)R
2
2dt+

T∫
0

µ(t)Φ(R1, t)R
2
1 ≡ 0.

Â çàäà÷àõ 1) è 2) ãðàíè÷íîå óïðàâëåíèå îïðåäåëÿåòñÿ íååäèíñòâåííûì îáðàçîì,
ïîýòîìó âîçíèêàåò çàäà÷à îïòèìèçàöèè. Â ñëó÷àå (3) êðèòåðèåì îïòèìàëüíîñòè âû-
ñòóïàåò ñëåäóþùåå óñëîâèå

T∫
0

{a2[R1µ
′(t)]2 + b2[R2ν

′(t)]2}dt→ min, (5)

à â ñëó÷àå (4):
T∫

0

{a2[R1µ(t)]2 + b2[R2ν(t)]
2}dt→ min . (6)

Çäåñü a è b � ïðîèçâîëüíûå êîíñòàíòû, îòëè÷íûå îò íóëÿ.
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Âî âñåõ òðåõ çàäà÷àõ 1) � 3) òàêæå òðåáóåòñÿ âûïîëåííèå íåîáõîäèìîãî èíòå-
ãðàëüíîãî óñëîâèÿ ñîãëàñîâàíèÿ íà÷àëüíûõ è ôèíàëüíûõ äàííûõ. Â îáùåì âèäå îíî
ïðèíèìàåò ñëåäóþùóþ ôîðìó:

T∫
0

R1ut(R1, t)dt = R1[ϕ1(R1)− ϕ(R1)],

T∫
0

R2ut(R2, t)dt = R2[ϕ1(R2)− ϕ(R2)].

(7)

Â �2.2 ïðîâîäèòñÿ ïîñòðîåíèå ôóíêöèè û(r, t), êîòîðàÿ ïîçâîëÿåò ñâåñòè èññëåäó-
åìûå çàäà÷è ê àíàëîãè÷íûì, íî ñ íóëåâûìè íà÷àëüíûìè äàííûìè. Äàííàÿ ôóíêöèÿ
äëÿ êàæäîé èç çàäà÷ ñâîÿ, òàê êàê çàâèñèò îò çíà÷åíèÿ ôèíàëüíîãî ìîìåíòà T . Ìå-
òîä ïîñòðîåíèÿ ýòîé ôóíêöèè îñíîâàí íà ìåòîäå Ä'Àëàìáåðà. Ïðèâåäåì çäåñü ýòè
ôóíêöèè äëÿ êàæäîãî ñëó÷àÿ èçìåíåíèÿ ìîìåíòà âðåìåíè T .

1. Ïóñòü ìîìåíò âðåìåíè T ñòðîãî áîëüøå êðèòè÷åñêîãî. Òîãäà ôóíêöèÿ û(r, t)
îïðåäåëÿåòñÿ ïî ôîðìóëå

û(r, t) =
1

2r



(r + t)ϕ(r + t) + (r − t)ϕ(r − t)+

+
r+t∫
r−t

ρψ(ρ)dρ â ∆1,

(r + t)ϕ(r + t) +R1ϕ(R1) +
r+t∫
R1

ρψ(ρ)dρ â ∆2,

R2ϕ(R2) + (r − t)ϕ(r − t) +
R2∫

r−t

ρψ(ρ)dρ â ∆3,

R2ϕ(R2) +R1ϕ(R1) +
R2∫
R1

ρψ(ρ)dρ ≡ C0 â ∆4,

Îáëàñòè ∆i, i = 1, 2, 3, 4 ïîêàçàíû íà ðèñ. 1.

Ðèñ.1

2. Ïóñòü òåïåðü ìîìåíò âðåìåíè ìåíüøå êðèòè÷åñêîãî. Çäåñü íàì ïðèõîäèòñÿ ðàñ-
ñìàòðèâàòü äâà ñëó÷àÿ:
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(a) Â ñëó÷àå, êîãäà l/2 ≤ T ≤ l, ôóíêöèÿ û(r, t) îïðåäåëÿåòñÿ ïî ôîðìóëå

û(r, t) =
1

2r



(r + t)ϕ(r + t) + (r − t)ϕ(r − t)+

+
r+t∫
r−t

ρψ(ρ)dρ, (r, t) ∈ ∆1,

(r + t)ϕ(r + t) +R1ϕ(R1)+

+
r+t∫
R1

ρψ(ρ)dρ, (r, t) ∈ ∆2,

R2ϕ(R2) + (r − t)ϕ(r − t)+

+
R2∫

r−t

ρψ(ρ)dρ, (r, t) ∈ ∆3,

R2ϕ(R2) +R1ϕ(R1)+

+
R2∫
R1

ρψ(ρ)dρ, (r, t) ∈ ∆4.

Îáëàñòè ∆i, i = 1, 2, 3, 4 ïîêàçàíû íà ðèñ. 2.

Ðèñ.2

(b) Åñëè æå ìîìåíò âðåìåíè T èçìåíÿåòñÿ â èíòåðâàëå [0, l/2), òî òîãäà ôóíê-
öèÿ û(r, t) ðàâíà

û(r, t) =
1

2r



(r + t)ϕ(r + t) + (r − t)ϕ(r − t)+

+
r+t∫
r−t

ρψ(ρ)dρ, (r, t) ∈ ∆1,

(r + t)ϕ(r + t) +R1ϕ(R1)+

+
r+t∫
R1

ρψ(ρ)dρ, (r, t) ∈ ∆2,

R2ϕ(R2) + (r − t)ϕ(r − t)+

+
R2∫

r−t

ρψ(ρ)dρ, (r, t) ∈ ∆3.

Îáëàñòè ∆i, i = 1, 2, 3 ïîêàçàíû íà ðèñ. 3.
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Ðèñ.3

Ïîñëå ñâåäåíèÿ èññëåäóåìîé çàäà÷è ê çàäà÷å ñ íóëåâûìè íà÷àëüíûìè äàííûìè
ìû ìîæåì âûïèñàòü ðåøåíèå ïîëó÷åííîé çàäà÷è ÷åðåç åå ãðàíè÷íûå ôóíêöèè. Ïî-
ñëå ýòîãî, ïðèìåíèâ ëåììó î ïîòî÷å÷íîì èíôèìóìå, ÿâëÿþùóþñÿ îáîùåíèåì ëåììû
Â.À. Èëüèíà è Å.È. Ìîèñååâà, êîòîðàÿ áûëà äîêàçàíà èìè â ðàáîòå [2], ìû ñâîäèì
ìèíèìèçàöèþ öåëåâîãî èíòåãðàëà ê ìèíèìèçàöèè ñóììû, êîòîðàÿ ñòðîèòñÿ íà îñíîâå
ïîäûíòåãðàëüíîé ôóíêöèè.

Îïðåäåëåíèå. Áóäåì ãîâîðèòü, ÷òî íàáîð ôóíêöèé

a0i(t), . . . , aMi(t), i = 1, N, t ∈ [0, l1],
b0i(t), . . . , bMi(t), i = 1, N, t ∈ [l1, l2]

ïðèíàäëåæèò êëàññó Ω, åñëè ýòè ôóíêöèè ïðèíàäëåæàò êëàññó L2 íà ñîîòâåòñòâóþ-
ùèõ ìíîæåñòâàõ è âûïîëíåíû ñëåäóþùèå ðàâåíòñâà:

M∑
k=0

αkiaki(t) = Ai(t), t ∈ [0, l1],

M∑
k=0

βkibki(t) = Bi(t), t ∈ [l1, l2],

(8)

ãäå Ai(t), Bi(t) � èçâåñòíûå ôóíêöèè èç êëàññà L2, i = 1, N , αki, βki � èçâåñòíûå
÷èñëà èç R.

Ââåäåì ñëåäóþùèå îáîçíà÷åíèÿ:

I =

l1∫
0

N∑
i=1

M∑
k=0

aki(t)dt+

l2∫
l1

N∑
i=1

M∑
k=0

bki(t)dt,

Î = inf
Ω
I.

S(t) =


N∑

i=1

M∑
k=0

aki(t), t ∈ [0, l1],

N∑
i=1

M∑
k=0

bki(t), t ∈ [l1, l2],
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Ŝ(t) = inf
t∈[0, l2]

S(t).

Çäåñü Ŝ(t) ïîíèìàåòñÿ êàê ïîòî÷å÷íûé èíôèìóì ñóììû äëÿ ôóíêöèé èç ìíîæåñòâà Ω
ïî÷òè âñþäó íà èíòåðâàëå [0, l2]. Ïðè ìèíèìèçàöèè ñòðîèòñÿ êîíêðåòíûé íàáîð ôóíê-
öèé, óäîâëåòâîðÿþùèõ ðàâåíñòâàì (8), êîòîðûå îïðåäåëÿþò ñîîòâåòñâóþùèå êëàññû
ýêâèâàëåíòíîñòè â L2 è, êàê ñëåäñòâèå, ýëåìåíò ìíîæåñòâà Ω.

Ëåììà 2.1. Ïðè ñäåëàííûõ îïðåäåëåíèÿõ è ïðåäïîëîæåíèÿõ âåðíî ñëåäóþùåå
ðàâåíñòâî

Î =

l2∫
0

Ŝ(t)dt.

Èç òðåáîâàíèÿ óäîâëåòâîðåíèÿ ôèíàëüíûì çíà÷åíèÿì ñëåäóþò òå óñëîâèÿ, ïðè
êîòîðûõ ýòà ñóììà è ìèíèìèçèðóåòñÿ. Ïîëó÷åííàÿ çàäà÷à íà óñëîâíûé ýêñòðåìóì
ðåøàåòñÿ ìåòîäîì ìíîæèòåëåé Ëàãðàíæà.

Òðåòüÿ ãëàâà ïîñâÿùåíà íàõîæäåíèþ îïòèìàëüíîãî ãðàíè÷íîãî óïðàâëåíèÿ êî-
ëåáàíèÿìè ïðè ïîìîùè ñìåùåíèÿ íà îáîèõ ñôåðàõ. Ïðåäñòâëåíî àíàëèòè÷åñêîå âû-
ðàæåíèå äëÿ ýòîãî óïðàâëåíèÿ è äîêàçàíà ñëåäóþùàÿ òåîðåìà î ñóùåñòâîâàíèè óêà-
çàííîãî óïðàâëåíèÿ.

Òåîðåìà 3.1. Ðàññìîòðèì çàäà÷ó (1), (2), (3). Ïóñòü íà÷àëüíûå è ôèíàëüíûå
óñëîâèÿ ïðèíàäëåæàò ñëåäóþùèì êëàññàì:

u(r, 0) ≡ ϕ(r) ∈ W 1
2 [R1, R2], u(r, T ) ≡ ϕ1(r) ∈ W 1

2 [R1, R2],

ut(r, 0) ≡ ψ(r) ∈ L2[R1, R2], ut(r, T ) ≡ ψ1(r) ∈ L2[R1, R2].

Ïóñòü ôèíàëüíûé ìîìåíò T ðàâåí 2ml+∆, ãäå m � öåëîå íåîòðèöàòåëüíîå ÷èñëî, l
� øèðèíà ñëîÿ è ðàâíà R2−R1, ∆ � ïðîèçâîëüíîå ÷èñëî èç èíòåðâàëà [0, 2l], R1 > 0,
T > l.
Òîãäà ñóùåñòâóåò îïòèìàëüíîå ãðàíè÷íîå óïðàâëåíèå

u(R1, t) ≡ µ(t) ∈ W 1
2 [0, T ], u(R2, t) ≡ ν(t) ∈ W 1

2 [0, T ],

ïåðåâîäÿùåå ñôåðè÷åñêèé ñëîé çà ïðîìåæóòîê âðåìåíè, ðàâíûé T , èç çàäàííîãî íà-
÷àëüíîãî ñîñòîÿíèÿ â çàäàííîå ôèíàëüíîå è äîñòàâëÿþùåå ìèíèìóì èíòåãðàëó (5).
Äëÿ ýòîãî óïðàâëåíèÿ âûïîëåíåíû óñëîâèÿ ñîãëàñîâàíèÿ ñëåäîâ:

µ(0) = ϕ(R1), ν(0) = ϕ(R2)

µ(T ) = ϕ1(R1), ν(T ) = ϕ1(R2)

1. Â ñëó÷àå ∆ ∈ [0, l] ýòî óïðàâëåíèå îïðåäåëÿåòñÿ ïî ôîðìóëàì

µ(t) = L1(t) + α1(t), ν(t) = L2(t) + α2(t), (9)
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ãäå

L1(t) = ϕ(R1) +
t

2lR1

2l∫
0

F1(τ)dτ, L2(t) = ϕ(R2) +
t

2lR2

2l∫
0

F2(τ)dτ.

2. Â ñëó÷àå ∆ ∈ [l, 2l] ýòî óïðàâëåíèå ìîæåò áûòü ïîëó÷åíî èç ôîðìóë

µ(t) = L3(t) + α3(t), ν(t) = L4 + α4(t), (10)

L3(t) = ϕ(R1) +
t

2lR1

2l∫
0

F3(τ)dτ, L4(t) = ϕ(R2) +
t

2lR2

2l∫
0

F4(τ)dτ.

Ôóíêöèè αi(t) ÿâëÿþòñÿ ïåðèîäè÷åñêèìè ñ ïåðèîäîì 2l è âû÷èñëÿþòñÿ ïî ôîðìóëàì:

αi(2lp+ t) = 1
R1

[
t∫

0

Fi(τ)dτ − t
2l

2l∫
0

Fi(τ)dτ

]
, i = 1, 3,

αi(2lp+ t) = 1
R2

[
t∫

0

Fi(τ)dτ − t
2l

2l∫
0

Fi(τ)dτ

]
, i = 2, 4,

ãäå p = 0, m− 1, åñëè t ∈ [0, 2l], è p = m, åñëè t ∈ [0, ∆].
Ïðè ýòîì ôóíêöèè Fi(t), i = 1, 2, 3, 4 îïðåäåëÿþòñÿ ñëåäóþùèì îáðàçîì:

F1(t) =


C1 − (B1(t) + C1)

b2

a2m+b2(m+1)
, t ∈ [0, ∆]

C1 − A2(t)
b2

a2m+b2m
, t ∈ [∆, l]

C1 − (A1(t− l)− C1)
b2

a2(m+1)+b2m
, t ∈ [l, l + ∆]

C1 −B2(t− l) b2

a2m+b2m
, t ∈ [l + ∆, 2l]

F2(t) =


C1 + (A1(t)− C1)

a2

a2(m+1)+b2m
, t ∈ [0, ∆]

C1 +B2(t)
a2

a2m+b2m
, t ∈ [∆, l]

C1 + (B1(t− l) + C1)
a2

a2m+b2(m+1)
, t ∈ [l, l + ∆]

C1 + A2(t− l) a2

a2m+b2m
, t ∈ [l + ∆, 2l]

F3(t) =


C2 − Ã1(t)

b2

a2(m+1)+b2(m+1)
, t ∈ [0, ∆− l]

C2 − (C2 + B̃2(t))
b2

a2m+b2(m+1)
, t ∈ [∆− l, l]

C2 − B̃1(t− l) b2

a2(m+1)+b2(m+1)
, t ∈ [l, ∆]

C2 − (Ã2(t− l)− C2)
b2

a2(m+1)+b2m
, t ∈ [∆, 2l]

F4(t) =


C2 + B̃1(t)

a2

a2(m+1)+b2(m+1)
, t ∈ [0, ∆− l]

C2 + (Ã2(t)− C2)
a2

a2(m+1)+b2m
, t ∈ [∆− l, l]

C2 + Ã1(t− l) a2

a2(m+1)+b2(m+1)
, t ∈ [l, ∆]

C2 + (C2 + B̃2(t− l)) a2

a2m+b2(m+1)
, t ∈ [∆, 2l]
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Êîíñòàíòû C1 è C2 îïåðäåëÿþòñÿ ïî ôîðìóëàì

C1 = 1
2m
{R1[ϕ1(R1)− ϕ(R1)] +R2[ϕ1(R2)− ϕ(R2)]−

−a2−b2

a2+b2

l∫
∆

[A2(t) +B2(t)]dt−

−a2(m+1)−b2m
a2(m+1)+b2m

∆∫
0

A1(t)dt− a2m−b2(m+1)
a2m+b2(m+1)

∆∫
0

B1(t)dt

}
×

×
[
∆ (2m+1)(m+1)(a2+b2)2

[a2m+b2(m+1)][a2(m+1)+b2m]
+ 2(l −∆)

]−1

.

C2 = 1
2(m+1)

{R1[ϕ1(R1)− ϕ(R1)] +R2[ϕ1(R2)− ϕ(R2)]−

−a2−b2

a2+b2

∆−l∫
0

[Ã1(t) + B̃1(t)]dt−

−a2m−b2(m+1)
a2m+b2(m+1)

l∫
∆−l

B̃2(t)dt− a2(m+1)−b2m
a2(m+1)+b2m

l∫
∆−l

Ã2(t)dt

}
×

×
[
2(∆− l) + (2l −∆) m(2m+1)(a2+b2)2

[a2m+b2(m+1)][a2(m+1)+b2m]

]−1

.

Ôóíêöèè Ai(t), Bi(t), Ãi(t) è B̃i(t), i = 1, 2 èç òåîðåìû 3.1 � èçâåñòíû è âûðàæàþòñÿ
÷åðåç ôóíêöèè íà÷àëüíîãî è ôèíàëüíîãî ñîñòîÿíèé.

Â ÷åòâåðòîé ãëàâå ðåøàåòñÿ çàäà÷à íàõîæäåíèÿ îïòèìàëüíîãî ãðàíè÷íîãî óïðàâ-
ëåíèÿ êîëåáàíèÿìè ïðè ïîìîùè äâóõ ñèë íà îáîèõ ñôåðàõ. Òàêæå êàê è â ïðåäûäóùåé
ãëàâå, ïîëó÷åíû ÿâíûå àíàëèòè÷åñêèå ôîðìóëû, âûðàæàþùèå äàííîå îïòèìàëüíîå
óïðàâëåíèå è ñôîðìóëèðîâàíà òåîðåìà ñóùåñòâîâàíèÿ ýòîãî óïðàâëåíèÿ.

Òåîðåìà 4.1. Ðàññìîòðèì çàäà÷ó (1), (2), (4). Ïóñòü äëÿ íà÷àëüíûõ è ôèíàëü-
íûõ óñëîâèé âûïîëíåíû ñëåäóþùèå óñëîâèÿ ïðèíàäëåæíîñòè ê êëàññàì:

u(r, 0) ≡ ϕ(r) ∈ W 1
2 [R1, R2], u(r, T ) ≡ ϕ1(r) ∈ W 1

2 [R1, R2],

ut(r, 0) ≡ ψ(r) ∈ L2[R1, R2], ut(r, T ) ≡ ψ1(r) ∈ L2[R1, R2].

Ïóñòü ôèíàëüíûé ìîìåíò T ðàâåí 2ml+∆, ãäå m � öåëîå íåîòðèöàòåëüíîå ÷èñëî, l
� øèðèíà ñëîÿ è ðàâíà R2−R1, ∆ � ïðîèçâîëüíîå ÷èñëî èç èíòåðâàëà [0, 2l], R1 > 0,
T > l.
Òîãäà ñóùåñòâóåò ãðàíè÷íîå óïðàâëåíèå

ur(R1, t) +
1

R1

u(R1, t) ≡ µ(t) ∈ L2[0, T ], ur(R2, t) +
1

R2

u(R2, t) ≡ ν(t) ∈ L2[0, T ],

ïåðåâîäÿùåå ñôåðè÷åñêèé ñëîé èç çàäàííîãî íà÷àëüíîãî ñîñòîÿíèÿ â çàäàííîå ôèíàëü-
íîå çà âðåìÿ T è äîñòàâëÿþùåå ìèíèìóì öåëåâîìó èíòåãðàëó (6).
1. Â ñëó÷àå ïðèíàäëåæíîñòè ∆ èíòåðâàëó [0, l] ýòî óïðàâëåíèå îïðåäåëÿåòñÿ ïî

10



ôîðìóëàì

R1µ(2kl + t) =



b2

a2m+b2(m+1)
B1(t) + C1

a2 [2m− 4k], t ∈ [0, ∆],

− b2

a2m+b2m
A2(t) + C1

a2

[
2m− 4k − 1− b2−a2

a2+b2

]
, t ∈ [∆, l],

− b2

a2(m+1)+b2m
A1(t− l) + C1

a2 [2m− 4k − 2], t ∈ [l, ∆ + l],

b2

a2m+b2m
B2(t− l) + C1

a2

[
2m− 4k − 3− a2−b2

a2+b2

]
, t ∈ [∆ + l, 2l]

.

R2ν(2kl + t) =



a2

a2(m+1)+b2m
A1(t)− C1

b2
[2m− 4k], t ∈ [0, ∆],

− a2

a2m+b2m
B2(t)− C1

b2

[
2m− 4k − 1− a2−b2

a2+b2

]
, t ∈ [∆, l],

− a2

a2m+b2(m+1)
B1(t− l)− C1

b2
[2m− 4k − 2], t ∈ [l, ∆ + l],

a2

a2m+b2m
A2(t− l)− C1

b2

[
2m− 4k − 3− b2−a2

a2+b2

]
, t ∈ [∆ + l, 2l]

.

2. Åñëè æå l ≤ ∆ ≤ 2l, òî ôóíêöèè ãðàíè÷íîãî óïðàâëåíèÿ îïðåäåëÿþòñÿ ïî ôîðìó-
ëàì

R1µ(2kl + t) =


− b2

a2(m+1)+b2(m+1)
Ã1(t) + C2

a2

[
2m− 4k + 2− 2b2

a2+b2

]
, t ∈ [0, ∆− l],

b2

a2m+b2(m+1)
B̃2(t) + C2

a2 [2m− 4k], t ∈ [∆− l, l],

b2

a2(m+1)+b2(m+1)
B̃1(t− l) + C2

a2

[
2m− 4k − 2a2

a2+b2

]
, t ∈ [l, ∆],

− b2

a2(m+1)+b2m
Ã2(t− l) + C2

a2 [2m− 4k − 2], t ∈ [∆, 2l]

.

R2ν(2kl + t) =


− a2

a2(m+1)+b2(m+1)
B̃1(t)− C2

b2

[
2m− 4k + 2− 2a2

a2+b2

]
, t ∈ [0, ∆− l],

a2

a2(m+1)+b2m
Ã2(t)− C2

b2
[2m− 4k], t ∈ [∆− l, l],

a2

a2(m+1)+b2(m+1)
Ã1(t− l)− C2

b2

[
2m− 4k − 2b2

a2+b2

]
, t ∈ [l, ∆],

− a2

a2m+b2(m+1)
B̃2(t− l)− C2

b2
[2m− 4k − 2], t ∈ [∆, 2l]

.

Êîíñòàíòû C1 è C2 ðàâíû ñëåäóþùèì çíà÷åíèÿì:

C1 =

[
M1 +N1 − (2m+ 1)

∆∫
0

[A1(t)−B1(t)]dt−

−2m
l∫

∆

[A2(t)−B2(t)]dt− b2−a2

a2+b2

l∫
∆

[A2(t) +B2(t)]dt

]
×

×
{

(l −∆)m
[

a2−b2

a2+b2
a2−b2

a2b2
− a2+b2

a2b2
2
3
(4m2 − 4m+ 1)

]
−

∆ma2+b2

a2b2
8
3
(m2 + 3m− 1)

}−1

.
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C2 =

[
M2 +N2 − (2m+ 1)

l∫
∆−l

[Ã2(t)− B̃2(t)]dt−

−(2m+ 3)

(
b2

a2+b2

∆−l∫
0

Ã1(t)dt− a2

a2+b2

∆−l∫
0

B̃1(t)dt

)
−

−(2m+ 1)

(
a2

a2+b2

∆−l∫
0

Ã1(t)dt− b2

a2+b2

∆−l∫
0

B̃1(t)dt

)]
×

×
{

2(∆− l)(m+ 1) 1
a2+b2

[
(2m+ 3)

(
a2

b2
+ b2

a2

)
+ 2(2m+ 1)

]
−

− (∆− l)a2+b2

a2b2
(m+ 1)8m2+14m+26

3
− (2l −∆)a2+b2

a2b2
m8m2−12m+28

3

}−1

.

Âåëè÷èíû M1, M2, N1 è N2 ÿâëÿþòñÿ èçâåñòíûìè è âû÷èñëÿþòñÿ ïî ñëåäóþùèì
ïðàâèëàì

M1 = R1[ϕ1(R1)− ϕ(R1)]− 2m
R2∫
R1

ρψ(ρ)dρ−
∆∫
0

[(R1 + t)ϕ(R1 + t)]′tdt−

−
∆∫
0

(R1 + t)ψ(R1 + t)dt,

N1 = R2[ϕ1(R2)− ϕ(R2)]− 2m
R2∫
R1

ρψ(ρ)dρ−
∆∫
0

[(R2 − t)ϕ(R2 − t)]′tdt−

−
∆∫
0

(R2 − t)ψ(R2 − t)dt.

M2 = R1[ϕ1(R1)− ϕ(R1)]− [R2ϕ(R2)−R1ϕ(R1)]− (2m+ 1)
R2∫
R1

ρψ(ρ)dρ−

−
∆−l∫
0

[(R2 − t)ϕ(R2 − t)]′tdt−
∆−l∫
0

(R2 − t)ψ(R2 − t)dt,

N2 = R2[ϕ1(R2)− ϕ(R2)] + [R2ϕ(R2)−R1ϕ(R1)]− (2m+ 1)
R2∫
R1

ρψ(ρ)dρ−

−
∆−l∫
0

[(R1 + t)ϕ(R1 + t)]′tdt−
∆−l∫
0

(R1 + t)ψ(R1 + t)dt.

Ôóíêöèè Ai(t), Bi(t), Ãi(t) è B̃i(t), i = 1, 2, êîòîðûå èñïîëüçóþòñÿ â òåîðåìå 4.1,
ÿâëÿþòñÿ èçâåñòíûìè è âû÷èñëÿþòñÿ ïðè ïîìîùè ôóíêöèé íà÷àëüíîãî è ôèíàëüíîãî
ñîñòîÿíèé.

Ïÿòàÿ ãëàâà ïîñâÿùåíà íàõîæäåíèþ ãðàíè÷íîãî óïðàâëåíèÿ è íåîáõîäèìûõ è
äîñòàòî÷íûõ óñëîâèé åãî ñóùåñòâîâàíèÿ ïðè âðåìåíàõ, ìåíüøèõ êðèòè÷åñêîãî. Èñ-
ñëåäîâàíî îáà ñëó÷àÿ çàäàíèÿ óïðàâëåíèÿ: ñìåùåíèåì íà îáîèõ ñôåðàõ è ïðè ïîìîùè
äâóõ ñèë, ñîñðåäîòî÷åííûõ íà ãðàíèöå. Ñôîðìóëèðóåì îñíîâíûå òåîðåìû ñóùåñòâî-
âàíèÿ óïðàâëåíèÿ.

Âíà÷àëå ïðèâåäåì òåîðåìû äëÿ ñëó÷àÿ óïðàâëåíèÿ äâóìÿ ñìåùåíèÿìè.
Òåîðåìà 5.1. Ðàññìîòðèì çàäà÷ó óïðàâëåíèÿ (1), (2), (3). Ïóñòü ìîìåíò âðå-

ìåíè T óäîâëåòâîðÿåò íåðàâåíñòó l/2 ≤ T < l.
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Òîãäà ãðàíè÷íîå óïðàâëåíèå îïðåäåëÿåòñÿ ïî ôîðìóëàì

µ(t) = 1
2R1

[
(T − t+R1)ϕ1(T − t+R1)− (T +R1)ϕ1(T +R1) +

T+R1∫
T−t+R1

ρψ1(ρ)dρ

]
+

+ 1
2R1

[
(R1 + t)ϕ(R1 + t) +R1ϕ(R1) +

R1+t∫
R1

ρψ(ρ)dρ

]
, t ∈ [0, T ],

ν(t) = 1
2R2

[
(t+R2 − T )ϕ1(t+R2 − T )− (R2 − T )ϕ1(R2 − T ) +

t+R2−T∫
R1

ρψ1(ρ)dρ

]
−

− 1
4R2

[
R2ϕ(R2)− (R1 + T )ϕ(R1 + T ) +

R2∫
R1+T

ρψ(ρ)dρ

]
+

+ 1
2R2

[
R2ϕ(R2) + (R2 − t)ϕ(R2 − t) +

R2∫
R2−t

ρψ(ρ)dρ

]
, t ∈ [0, T ].

Äëÿ åãî ñóùåñòâîâàíèÿ íåîáõîäèìî âûïîëíåíèå òðåõ óñëîâèé:

rϕ1(r)− (r − T )ϕ(r − T ) +R1ϕ1(R1)− (R1 + T )ϕ(R1 + T )−

−
r∫

R1+T

ρψ1(ρ)dρ+
r−T∫
R1

ρψ(ρ)dρ = 0, r ∈ [R1 + T, R2].
(11)

rϕ1(r)− (r + T )ϕ(r + T )− (R2 − T )ϕ1(R2 − T ) +R2ϕ(R2)−

−
R2−T∫

r

ρψ1(ρ)dρ+
R2∫

r+T

ρψ(ρ)dρ = 0, r ∈ [R1, R2 − T ].
(12)

R2∫
R2−T

ρψ1(ρ)dρ+
R1+T∫
R1

ρψ1(ρ)dρ+
R2∫
R1

ρψ(ρ)dρ+
R1+T∫
R2−T

ρψ(ρ)dρ =

= R1ϕ1(R1)−R1ϕ(R1) +R2ϕ1(R2)−R2ϕ(R2) + (R1 + T )ϕ1(R1 + T )−
−(R1 + T )ϕ(R1 + T ) + (R2 − T )ϕ1(R2 − T )− (R2 − T )ϕ(R2 − T ).

(13)

Òåîðåìà 5.2. Ðàññìîòðèì çàäà÷ó óïðàâëåíèÿ (1), (2), (3). Ïóñòü ìîìåíò âðå-
ìåíè T óäîâëåòâîðÿåò íåðàâåíñòó 0 ≤ T < l/2.
Òîãäà ãðàíè÷íîå óïðàâëåíèå îïðåäåëÿåòñÿ ïî ôîðìóëàì

µ(t) = 1
2R1

[
(T − t+R1)ϕ1(T − t+R1)− (T +R1)ϕ1(T +R1) +

T+R1∫
T−t+R1

ρψ1(ρ)dρ

]
+

+ 1
2R1

[
(R1 + t)ϕ(R1 + t) +R1ϕ(R1) +

R1+t∫
R1

ρψ(ρ)dρ

]
, t ∈ [0, T ],
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ν(t) = 1
2R2

[
(t+R2 − T )ϕ1(t+R2 − T )− (R2 − T )ϕ1(R2 − T ) +

t+R2−T∫
R1

ρψ1(ρ)dρ

]
−

− 1
4R2

[
R2ϕ(R2) +R1ϕ(R1) +

R2∫
R1

ρψ(ρ)dρ−

−(R2 − 2T )ϕ(R2 − 2T )− (R1 + T )ϕ(R1 + T )−
R1+T∫

R2−2T

ρψ(ρ)dρ

]
+

+ 1
2R2

[
R2ϕ(R2) + (R2 − t)ϕ(R2 − t) +

R2∫
R2−t

ρψ(ρ)dρ

]
, t ∈ [0, T ].

Äëÿ åãî ñóùåñòâîâàíèÿ íåîáõîäèìî âûïîëíåíèå óñëîâèé (11), (12) è (13).
Òåïåðü ïðèâåäåì àíàëîãè÷íóþ òåîðåìó äëÿ óïðàâëåíèÿ äâóìÿ ñèëàìè.
Òåîðåìà 5.3. Ðàññìîòðèì çàäà÷ó (1), (2), (4). Ïóñòü ìîìåíò âðåìåíè T èçìå-

íÿåòñÿ â èíòåðâàëå [0, l].
Òîãäà ó ðàññìàòðèâàåìîé çàäà÷è ñóùåñòâóåò ãðàíè÷íîå óïðàâëåíèå, îïðåäåëÿåìîå
ôîðìóëàìè

µ(t) = 1
2R1

([(T − t+R1)ϕ1(T − t+R1)]
′ − (T − t+R1)ψ1(T − t+R1)) +

+ 1
2R1

([(R1 + t)ϕ(R1 + t)]′ + (R1 + t)ψ(R1 + t)) , t ∈ [0, T ],

ν(t) = 1
2R2

([(R2 + t− T )ϕ1(R2 + t− T )]′ + (R2 + t− T )ψ1(R2 + t− T )) +

+ 1
2R2

([(R2 − t)ϕ(R2 − t)]′ − (R2 − t)ψ(R2 − t)) , t ∈ [0, T ].

Íåîáõîäèìûå óñëîâèÿ ñóùåñòâîâàíèÿ ýòîãî óïðàâëåíèÿ çàäàþòñÿ ôîðìóëàìè (11),
(12) è (13).

Ïîêàæåì, ÷òî óñëîâèÿ (11) � (13) ÿâëÿþòñÿ äîñòàòî÷íûìè äëÿ ñóùåñòâîâàíèÿ
ãðàíè÷íîãî óïðàâëåíèÿ.

Òåîðåìà 5.4. Ðàññìîòðèì çàäà÷ó (1), (2), (3) ñ íóëåâûìè íà÷àëüíûìè äàííûìè.
Ïóñòü ìîìåíò âðåìåíè T ∈ [0, l].
Òîäãà äëÿ ñóùåñòâîâàíèÿ ãðàíè÷íîãî óïðàâëåíèÿ äîñòàòî÷íî âûïîëåíåíèÿ ñëåäóþ-
ùèõ óñëîâèé:

rϕ1(r)− (T +R1)ϕ1(T +R1) +
T+R1∫

r

ρψ1(ρ)dρ = 0, r ∈ [T +R1, R2],

rϕ1(r)−R1ϕ1(R1) +
r∫

R1

ρψ1(ρ)dρ = 0, r ∈ [R1, R2 − T ].

R2∫
R2−T

ρψ1(ρ)dρ+
R1+T∫
R1

ρψ1(ρ)dρ =

= R1ϕ1(R1) +R2ϕ1(R2) + (R1 + T )ϕ1(R1 + T ) + (R2 − T )ϕ1(R2 − T ).

Àíàëîãè÷íàÿ òåîðåìà ñïðàâåäëèâà è â ñëó÷àå óïðàâëåíèÿ ñèëàìè íà îáîèõ ñôåðàõ.
Èç ýòèõ ðåçóëüòàòîâ ñëåäóåò, ÷òî óñëîâèÿ (11), (12) è (13) ÿâëÿþòñÿ äîñòàòî÷íûìè äëÿ
ñóùåñòâîâàíèÿ ãðàíè÷íîãî óïðàâëåíèÿ â ñëó÷àå íåíóëåâûõ íà÷àëüíûõ äàííûõ.
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Â ñëó÷àå ðàâåíñòâà ìîìåíòà âðåìåíè T êðèòè÷åñêîìó ìîìåíòó l ñïðàâåäëèâî ñëåä-
ñòâèå.

Ñëåäñòâèå 5.5.1.. Ðàññìîòðèì çàäà÷ó ãðàíè÷íîãî óïðàâëåíèÿ
Lu = 0,

u(r, 0) = ϕ(r), ut(r, 0) = ψ(r),

u(r, T ) = ϕ1(r), ut(r, T ) = ψ1(r).

Ïóñòü ãðàíè÷íîå óïðàâëåíèå âåäåòñÿ ëèáî ñìåùåíèåì (3), ëèáî ñèëîé (4). Ïóñòü
ìîìåíò âðåìåíè T ðàâåí l.
Òîãäà íåîáõîäèìûì è äîñòàòî÷íûì óñëîâèåì ñóùåñòâîâàíèÿ ãðàíè÷íîãî óïðàâëåíèÿ
â äàííîì ñëó÷àå ÿâëÿåòñÿ âûïîëíåíèå ñëåäóþùåãî ðàâåíñòâà

R2[ϕ1(R2)− ϕ(R2)] +R1[ϕ1(R1)− ϕ(R1)] =

R2∫
R1

ρ[ψ1(ρ) + ψ(ρ)]dρ. (14)

Ïëþñ, â ñëó÷àå óïðàâëåíèÿ ñìåùåíèÿìè, ê ýòîìó óñëîâèþ äîáàâëÿåòñÿ òðåáîâàíèå
ñîãëàñîâàíèÿ ñëåäîâ

µ(0) = ϕ(R1), ν(0) = ϕ(R2)

µ(T ) = ϕ1(R1), ν(T ) = ϕ1(R2).

Â çàêëþ÷åíèå â øåñòîé ãëàâå ïðèâåäåí ïðèìåð, ïîêàçûâàþùèé íåîáõîäèìîñòü
ó÷åòà èíòåãðàëüíûõ óñëîâèé ñîãëàñîâàíèÿ (7). Äàííûå óñëîâèÿ âûòåêàþò èç ôîðìóëû
Íüþòîíà-Ëåéáíèöà è òðåáîâàíèé ñîãëàñîâàíèÿ ñëåäîâ íà ãðàíèöå.

Ìû ðàññìàòðèâàåì çàäà÷ó âîçáóæäåíèÿ, ò.å. çàäà÷ó ñ íóëåâûìè íà÷àëüíûìè äàí-
íûìè, è óïðàâëåíèåì ñìåùåíèåì íà îáîèõ ñôåðàõ.

Lu ≡ utt − 1
r2 [r

2ur(r, t)]r = 0,

u(r, 0) = 0, ut(r, 0) = 0,

u(R1, t) = µ(t), u(R2, t) = ν(t).

Ôèíàëüíûå óñëîâèÿ èìåþò âèä:

u(r, T ) = cos r, ut(r, T ) = − sin r.

Ñ÷èòàåì, ÷òî ðàäèóñ R1 ðàâåí π, à R2 � ðàâåí 2π. Ìîìåíò âðåìåíè T âûáèðàåòñÿ
ðàâíûì 3l, ãäå l = R2 − R1. Òàêèì îáðàçîì, T = 2π + π, è èç îáùåé ôîðìóëû äëÿ T ,
T = 2ml + ∆, âèäíî, ÷òî m = 1, ∆ = π.

Êàê îòìå÷àëîñü âûøå, äëÿ óêàçàííîé çàäà÷è äîëæíû áûòü âûïîëíåíû óñëîâèÿ
ñîâïàäåíèÿ ñëåäîâ íà ãðàíèöå:

µ(0) = 0, ν(0) = 0, µ(T ) = −1, ν(T ) = 1.
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Èíòåãðàëüíûå óñëîâèÿ ñîãëàñîâàíèÿ (7) ïåðåõîäÿò â ñëåäóþùèå:

3π∫
0

µ′(t)dt = −1,

3π∫
0

ν ′(t)dt = 1.

Öåëåâîé èíòåãðàë (5) ïðèíèìàåò âèä:

3π∫
0

{[πµ′(t)]2 + [2πν ′(t)]2}dt.

Ìû ðåøàåì äàííóþ çàäà÷ó äâóìÿ ìåòîäàìè, îñíîâàííûìè íà ðåçóëüòàòàõ ãëà-
âû 3. Ïåðâûé ðàç ìû ðåøàåì îïòèìèçàöèîííóþ çàäà÷ó öåëåâîãî èíòåãðàëà áåç ó÷åòà
èíòåãðàëüíûõ óñëîâèé ñâÿçè, ò.å. ìèíèìèçèðóåì ñàì öåëåâîé èíòåãðàë. Âòîðîé ðàç
èíòåãðàëüíûå óñëîâèÿ ó÷èòûâàþòñÿ, è ìèíèìèçèðóåòñÿ óæå èçìåíåííûé èíòåãðàë:

3π∫
0

{[πµ′(t)− C1]
2 + [2πν ′(t)− C1]

2}dt.

Ðåøàÿ çàäà÷ó îïòèìàëüíîãî ãðàíè÷íîãî óïðàâëåíèÿ ïåðâûì ñïîñîáîì, ìû ïðè-
õîäèì ê òîìó, ÷òî íå âûïîëíåíû óñëîâèÿ ñîâïàäåíèÿ ñëåäîâ íà ãðàíèöå, ïîýòîìó
ïîëó÷åííîå ðåøåíèå íå áóäåò ïðèíàäëåæàòü êëàññó Ŵ 1

2 (BT ).
Ñ ó÷åòîì èíòåãðàëüíûõ óñëîâèé ñâÿçè, ïîëó÷àåì ñëåäóþùèå ôîðìóëû:

A1(t) = 1
2
[sin t− cos t+ (π + t) sin t],

B1(t) = 1
2
[cos t− sin t+ (2π − t) sin t].

πµ′(t) =


C1 − 1

3
B1(t), t ∈ [0, π],

C1 − 1
3
A1(t− π), t ∈ [π, 2π],

C1 − 1
3
B1(t− 2π), t ∈ [2π, 3π].

2πν ′(t) =


C1 + 1

3
A1(t), t ∈ [0, π],

C1 + 1
3
B1(t− π), t ∈ [π, 2π],

C1 + 1
3
A1(t− 2π), t ∈ [2π, 3π].

C1 =
1

6π

(
π − 2

3

)
.

Èç ïîëó÷åííûõ çíà÷åíèé ôóíêöèè óïðàâëåíèÿ âîññòàíàâëèâàþòñÿ ÿâíûì îáðàçîì ïî
èçâåñòíûì ôîðìóëàì. Ïðè ýòîì íåïîñðåäñòâåííî ïðîâåðÿåòñÿ, ÷òî ïîëó÷åííûå ôóíê-
öèè óäîâëåòâîðÿþò âñåì òðåáîâàíèÿì, êîòîðûå âîçíèêàþò â äàííîé çàäà÷å è ïîëó-
÷åííîå òàêèì îáðàçîì ðåøåíèå çàäà÷è ïðèíàäëåæèò êëàññó Ŵ 1

2 (BT ).
Àâòîð âûðàæàåò ãëóáîêóþ áëàãîäàðíîñòü è ïðèçíàòåëüíîñòü ñâîåìó íàó÷íîìó ðó-

êîâîäèòåëþ àêàäåìèêó ÐÀÍ Â.À. Èëüèíó çà ïîñòàíîâêó çàäà÷è, öåííûå çàìå÷àíèÿ è
ïîñòîÿííîå âíèìàíèå ê ðàáîòå. Òàêæå àâòîð âûðàæàåò áëàãîäàðíîñòü Ô.Ï. Âàñèëüåâó,
Â.Â. Òèõîìèðîâó è À.À. Íèêèòèíó çà ïîëåçíûå êîììåíòàðèè è îáñóæäåíèÿ.
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